
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



POINT SETS AND ALLIED CREMONA GROUPS* 
(Part III) 

BY 

ARTHUR B. COBLE t 

Introduction 

In Part I J of this series projectively distinct sets P* of n points in Sk were 
mapped upon points of a space '2k(.n-k-2) and a certain Cremona group (?„/ 
in 2 was induced by permutation of the points of the set. For Pi and Pi 
these groups furnished an effective algebraic background for exhibiting solu- 
tions of the quintic and sextic equations. In Part II§ the G„/ appeared as 
merely a subgroup of a more important group (?„, ^ in '2k(.n-k-2) which also is 
defined by P*. In particular the Gei in S4 attached to Pi is a subgroup of 
the Ge, 2 in S4 , which has the order 51840 and is isomorphic with the group 
of the lines on a cubic surface. 

It is the purpose of this Part III to show first that the lines of a given cubic 
surface can be determined rationally in terms of a solution of the form problem 
of 6r6, 2 ; and second that this solution can be obtained in terms of the solution 
of a form problem which prises in connection with the theta functions. || The 
presentation follows a line quite different from that suggested by Klein. 
A striking difference is that we make no actual or implied use of an equation 
of degree 27 or other resolvent equation. All of the operations required are 
effected within the domain of irrational invariants and covariants of the 



* Presented in part to the Society, August 3, 1915. 

t This investigation has been carried out under the auspices of the Carnegie Institution of 
Washington, D. C. 

t These Transactions, vol. 16 (1915). 

§ These Transactions, vol. 17 (1916). 

II That an equation of degree 27 for the lines of a cubic surface could be solved by hyper- 
elliptic modular functions was first pointed out by Klein in a letter to Hermite, Journal 
de mathematiques, ser. 4, vol. 4 (1888), p. 169. His suggestions were elaborated 
by Witting, Mathematische Annalen, vol. 29 (1887), p. 167; by Maschke, ibid., 
vol. 33 (1889), p. 317; and by Burkhardt, Grundzilge einer allgemeinen Systematik der hyper- 
elliplischen Funclionen I. Ordnung, ibid., vol. 35 (1890), p. 198, vol. 38 (1891), p. 161, and 
vol. 41 (1893), p. 313. The latter articles are referred to as BI, BII, and Bill. Since Maschke 
and Burkhardt respectively have determined complete systems for the so-called "group of the 
Z's " and "group of the Y's " we shall indicate these groups and the associated form problems 
by attaching their names. 
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surface — a domain defined by the adjunction of all the lines considered as 
comitants of the surface.* Again the method of Klein is based primarily on 
the existence of the Maschke group and its derived group of line transforma- 
tions while Ge, 2 leads more naturally to the Burkhardt group. f We are thus 
enabled to dispense with a separation of the roots of the sextic underlying 
the theta functions of genus two. Finally by developing a covariant form 
for the normal hyperelliptic surface certain interesting geometric facts, per- 
taining to the collineation groups in question, are obtained upon which the 
solution of their form problems is based. J 

In § 1 the Ge, 2 , its generators, invariants, and form problem are discussed, 
while in § 2 it is shown that the adjunction of a solution of this form problem 
serves to determine the lines of a given cubic surface. In § 3 the simplest 
linear system of irrational invariants of the surface is set forth. Under 
permutation of the lines the members of this system are transformed under 
the operations of a correlation group which is built up on the Burkhardt 
collineation group. The form problem of Ge, 2 is solved in § 4 by the adjunc- 
tion of a solution of the Burkhardt form problem. The facts obtained in § 5 
concerning the hyperelliptic surface serve in § 6 as a basis for the solution 
of the special! Burkhardt form problem in terms of hyperelliptic modular 
functions. Finally in § 7 the general Burkhardt form problem is solved in 
terms of the special problem. The comparison of this determination of the 
lines of a cubic surface with the solution of a quintic equation detailed in § 8 
reveals a remarkable analogy between these two problems — an analogy which 
furnishes perhaps the best evidence of the value of the methods here employed- 

1. The extended group Ge, 2 

For a given ordered set of 6 points in a plane we choose as in Part I the 
reference scheme and factors of proportionality so that the coordinates of 
the points take the form 

(1) 1, 0, 0, (4) 1, 1, 1, 

(1) (2) 0, 1, 0, (5) X, y,u, 

(3) 0, 0, 1, (6) 3, t,u. 

The Pi is then represented by the point P in S4 with coordinates x , y ,z, t, u. 

* This removes the objection — noted by Burkhardt (Bill, p. 342, 3) — that while the lines 
are in rational relation they are not in covariant relation to the roots of such an equation. 
Equations whose roots are irrational invariants of the surface can be formed but the degree 
of these invariants is too high for practical discussion. 

t Since no solution of the Burkhardt form problem has been given hitherto this is supplied 
below. 

t The results here obtained indicate some errors in the formulas of Burkhardt; cf. footnotes 
§§4,5,6. 

§ I. e., the Burkhardt form problem for which ^4 = 0. 
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As the points of Pi are permuted and the points of the re-ordered set trans- 
formed again into the form (1) the point P is transformed into its conjugate 
positions under Gsi . A set of generators 1 12, • • • , h^ of Get is given in (2) 
below where lik is the involutory operation of Get which arises from the inter- 
change of the points p» and pk of Pe . A quadratic transformation /123 with 
fundamental points (f -points) at pi, p2, Pa and corresponding inverse F- 
points at pi , p'2, p's transforms 234 , ps ,. pe into p'i , ps , Pe • Then by definition 
the sets Pi and Ps are congrrweni under 7 123. If the set Pb be projected into 
the form (1) the coordinates of its map P' in S4 in terms of those of P are 
(II, § 3) as given in the table : 

I12 I23 l»i In ^56 7l23 I 
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13 = l+a 



X + t — y — z 
xt — yz 



yz — u {x + t — y — z) ' 

Here I (the element B of I, § 10) is the involutory transformation determined 
by associated sets Pi and Ps . 

We have seen (II, § 3, p. 358) that the Gsi generated by Z12 , • • • , Jse to- 
gether with the Z123 generate a group Ge, 2 in S4 of order 51840; and further 
that the 15 involutions /<* , the 20 involutions Itjk , and the involution I con- 
stitute a set of 36 conjugate generators of Ge, 2 • Those elements of Ge, 2 
which can be expressed as a product of an even number of generators lie in 
the invariant subgroup Tg, 2 (II, § 7 (51)) of order 25920. To a set of 51840 
conjugate points under Ge, 2 in 24 there corresponds in the plane a set of 
51840 projectively distinct ordered Pi's such that any one of the Pi's is con- 
gruent in some order under ternary Cremona transformation to any other 
of the Pi's. Disregarding the 6! possible orders we have then just 72 pro- 
jectively distinct Pi's. The 72 Pi's divide under I into 36 pairs of associated 
Pi's. The original PI and its associated Pi determine the group Gf,].2 of 
I, § 10. The property of congruent Pi's most important for our purpose is 

(3) If the system of cubic curves on Pi can he transformed by ternary Cremona 
transformation into the system of cubic curves on Pe then the maps of Pi and 
Pe in S4 are conjugate paints under Gs, 2- 

According to I, § 4, we can choose six cubic curves a , 

a+ ••• +/ = 0, 
(4) aa+---+// = 0, 

5+ ••• +/=0. 

Trans. Am Math. Soc. 28 
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Explicit expressions for a , •••,/, a ,•••,/ in terms of the coordinates of Pi 
are given there. The plane is thus mapped upon a cubic surface C-^^ whose 
equation is 
(5) C»' =a^+-.-+f^=0. 

The equations of the 45 tritangent planes (and thereby also the equations 
of the 27 lines) of C^ also are explicitly given in terms of Pg. The above 
hexahedral form of C-^^ is associated with a double six of lines on C^ and 
precisely that double six mapped from the six points p,- of Pi and the six conies 
on points other than pi {i = 1 , ■ ■ • , 6) . 

The invariants of the hexahedral C^ are symmetric polynomials in a, 
• • • , f which are unaltered to within a factor when a, • • • , f are replaced 
by the a' , ■••,]' attached to any other hexahedral form of C' . The com- 
plete system of a cubic surface in S3 according to Salmon and Clebsch* con- 
tains invariants ig , tie , in , in , and t'loo of the degrees indicated and of weights 
6, 12, 18, 24, 30, and 75 respectively. The hexahedral surface appears as a 
section in Ss (variables a, •••,/) of a cubic spread with numerical coordinates. 
The Clebsch transference principle states that the invariants of the section 
are obtained by bordering the symbolic determinants of the invariant in S3 
by the coordinates of the spaces of section and by applying the determinants 
to the spread in S5. Since the coefficients of the spread in Ss are merely 
numerical each unit of weight contributes a unit to the degree in a, •••,/, 
and the invariants of the hexahedral form are If,, In, lis, la, ^30. and I^i of 
the degrees indicated in a , •••,/. When a, • • • , f are expressed in terms 
of the X , y ,z,t, w of Pg or of the point P in S4 the process of expressing an 
invariant I in terms of the a' , •••,/' corresponds to the process of replacing 
Pg by a congruent P'e , or in S4 to the process of passing to a conjugate point 
P' under Ge, 2 • Since the relation of / to C^^' is unaltered by this operation, 
the corresponding expression for I in terms oi x , y , z, t , u must be unaltered 
to within a factor by the operations of Ge, 2- Hence to the invariants I of 
weight w of C^ there correspond invariant spreads / of Ge, 2 in S4 deter- 
mined to within a power X" of an indeterminate factor of proportionality X . 
That but one such factor X can occur is due to the fact that linear systems of 
invariants can be formed as soon as two invariants appear. Here the in- 
variant J75 may be an exception since it cannot lie in a linear system deter- 
mined by itself and earlier invariants because of its odd degree. This ambigu- 
ity in the factor X can however extend only to the sign since I/5 is no longer 
exceptional. Conversely every invariant / of Ge, 2 must arise in this way 
from some invariant of C' . By an invariant / of Ge, 2 we mean a form in 
X ,y , z,t,u which is reproduced to within a factor by any operation of Ge, 2 . 
For the coordinates x , y , z , t, u oi P are themselves irrational invariants of 
* Cf. Pascal; Repertonum I, p. 342 (Teubner, 1900). 



1917] POINT SETS AND ALLIED CREMONA GROUPS 335 

(7(3)* jjj ^jjg projective sense which are rational in the domain obtained by the 
separation of the Hues. The given form is therefore a projective invariant 
in this domain and, being invariant under the operations of Ge, 2, it must 
be independent of admissible permutations of the lines and therefore must 
be rational in the coefficients of C^ . According to I, p. 196, the a, • • • , f 
are of degree two mx , y , z ,t, u and we shall findf that for w = 6k the factor 
M^* can be removed from each invariant of weight iv, whence 

(6) To the complete system of invariants is, • • • , 132 , ■140 , ^100 of the general 
C^ there corresponds the complete system I^, • • • , l2i, I30, Irb of the hexahedral 
C^^^ , and the complete system I5.2, • ■ • , h-s, h-io, h-2& of spreads of the orders 
indicated invariant under G^, 2 in In. 

The equation problem determined by the Ge. 2 can now be formulated as 
follows : 

(7) Given numerical values of 1 5.2, 1 5.4, • • • , Is. 10 to calculate the ratios of 
the coordinates x , y , z, t, u of a point P in S4 for which the given spreads can 
take the assigned values. 

From one solution of this problem there can be obtained by the operations 
of Ge, 2 a set of 51840 solutions. It is not easy to prove directly that no other 
solutions exist, since these spreads have common manifolds determined by 
the reference basis in S. The fact can be inferred later from the number of 
solutions of the Burkhardt form problem. 

It had been noted by Klein (loc. cit.) that the adjunction of the square 
root of the discriminant A of C^ reduced the order of the group of the lines 
to 25920. Evidently A is the most convenient fourth invariant and we shall 
suppose hereafter that 132 , ^24 , or I^.s , as the case may be, is A . The VA can 
be calculated explicitly in terms of the a, ■ • • , f without much trouble. The 
surface when mapped by means of PI has a double point when either six 
points are on a conic, or three points are on a line, or two points coincide in 
some direction. Thus A has 1 + 20 + 15 = 36 irrational factors which will 
be indicated respectively by 8 , 8ijk , ^a ■ Recalling the notation of I, pp. 170-3, 
we have 6 = ^2 and 8123 5^6 = (a + b + c) = — {d + e + f) , etc. In 
order that a rational expression in a , • • • , / may be obtained we must use 
d\ = a\ — 4(14 and therefore must use the squares of the factors hijk as well. 
This raises the product of 5^ and the ten squares h'ljk to the proper degree, 
24 , of A in a , • • • , / so that the factors ha do not occur explicitly. This is 
to be expected since coincidence in a given direction cannot be expressed by a 
single condition on the coordinates oi Pi. A definite sign can be given to 
VA by the assumption 

(8) Va = d2n(« + * + i). 



* E. g., if X = , points p2 , Ps , ps are collinear and C<'* has a node, 
t Cf. § 3. 
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where the sign of di is defined in I, § 4 (47), and where i, j run over the 10 
pairs drawn from b, •••,/. The product n can be conveniently evaluated 
by symmetrizing successively for 3 , 4 , • • • , 6 letters. If in terms of a2 , 
• • • , (Xe, the elementary symmetric functions of a, •••,/, we set 

, - Qi = al — 4(X4 , 96 = a2 ^3 - ^a^ , 

Ze* = 3(X3 — 4a2 ^4 — 12a6, 
then Va takes the form 

(10) ^lA=d2iqih + 4a2ql-dql). 

We have seen (I, p. 196) that di changes sign under the involution /^ 
while a, • ■ • ,f and therefore a^, • ■ • , a^, qt, q^, I^do not; whence Va changes 
sign under the operations of Ge, 2 not contained in Te, 1 and is invariant 
under Fe, 2- 

The skew invariant, iioo or Ijs, has the same behavior under Ge, 2 and 
Te. 2 as VA . This invariant has 45 irrational factors. For if we recall from 
I, p. 197, that a — d = is the condition that the lines 12, 34, 56 in S2 meet 
in a point we find 15 similar irrational invariants whose product is there 
denoted by Vd. If then we carry out on a — ^ = the involution /123 it 
must be transformed into the condition that the conic on pi, p2, Psj Pe is 
touched at ^3 by the line 34 . This condition is 



(11) il266, 3 



= 0. 



126 356 136 256 

123 354 134 253 

Thus ji256, 3 is of degree 2, 2, 3, 1,2, 2 in the points in order. The product 
of the 30 irrational invariants of this type is of degree 60 in each of the six 
points; let us call it /eo. It is easy to verify that, while ii256, 3 is changed 
in sign by /12 , yet /eo is unaltered. Since /eo does not contain the factor di 
it must (cf. I (49)) be a rational integral function of a2, • • • , ae. Hence 

(12) 775 = Vd • /eo 

is changed in sign along with Ad by the involution Z12 and therefore is an 
exception to the rule that invariants of C' are invariants under Ge, 2 . 

The above identification of "^d ■ /eo with Zjs which is indicated by their 
degrees can be substantiated by their geometric interpretation. The vanishing 
of Zys is the condition that C-^^ be unaltered by an involutory collineation. 
On the other hand if a — d = then (cf. I (16)) Pi is self-associated in the 
order (12) (34) (56), the net of cubics on Pj is transformed into itself by 
the corresponding Cremona involution of order 5, and the cubic surface 
admits an involutory collineation. 

(13) A complete system of invariants for Fe, 2 consists of Ze , Z12 , Va , Zis , 
Z30 , and Z76 . 

* We shall verify later (§ 3 (38)) that this is the first invariant of €<■') . 
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The degrees of all the invariants of Fe, % which we shall have occasion to 
use hereafter are such that I^l cannot occur in their expressions. The form 
problem for the group Fe, % reads as follows : 

(14) Gnen the numerical values of I^.i, I^.i, VA, I^.^, and Zs.io to calculate 
the ratios of the coordinates of a point P in S4 for which these spreads can take the 
assigned values. 

Clearly the adjunction of Va suffices to reduce the group Gs, 2 to the 
group Fe, 2 • For the linear system \Il + filu + f Va is invariant under 
Fe, 2 but not under G^, 2 • Hence if the form problem of G^, 2 has 51840 
solutions, that of Fe, 2 has 25920 solutions, and vice versa. 

2. Determination of the lines of a cubic surface in terms of the 

FORM PROBLEM OF Gi, 2 

If ( cx y is a general quaternary cubic form the cubic surface C' is ( ex )' = . 
We seek the 27 sets of six line coordinates TTik determined by any pair of 
planes on each of the 27 lines of C^ . Such pairs can be selected from the 45 
tritangent planes of C^ so that we shall merely need expressions (tix) =0 
( i = 1 , • • • , 45 ) for these planes. 

We shall assume first that for the given form (cxY a series of co variant 
processes has been outlined, following some one of the known complete sys- 
tems of the cubic surface, which will furnish definite values for the invariants 
i» , ii6 , i24 , ^32 , and i^ of C^ and definite expressions, {hix) , {hgx) , {Uix) , 
and {hzx) for the linear covariants of C^ . 

In any one of 36 ways the given form {cxY can be expressed in Cremona's 
hexahedral form (4). We shall assume second that through the use of the 
Clebsch transference principle which does not affect covariant relations, the 
same series of covariant processes has been carried out on the Cremona form 
and that there has been obtained explicit expressions in terms of a , • • ■ , f 
of the corresponding invariants and linear covariants, viz: le, 1 12, lis, l2i, 
J30 , and (Lsa) , ( Lu a) , { L20 a) , { L32 a ) of the degrees in a , • • • , / indi- 
cated by the subscripts. The two investigations here assumed have of course 
a wider range of application than we shall need. The first is in quite satis- 
factory shape. The second has been begun* and if completed would afford a 
method for settling all questions concerning the relation of the lines and 
tritangent planes of C' to the covariant system of C'-^'> . 

If the coefficients of (car)' and a, • • • , / be known then the linear trans- 
formation 

ihix) = (Lsa), {I19X) = (Lutt), 

(15) ihr x) = {L2oa) , (/43 a;) = (L32 a) , 

0=(aa), 0=(a), 

* Sousley, American Journal of Mathematics, vol. 38 (1916). 
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furnishes the typical representation of the given cubic surface in the hexa- 
hedral form. The determinant of the four linear forms in a; of (15) is z'loo; 
of the six linear forms in a , • • • , f is Ij^. 

The processes involved in the determination of the 45 tritangent planes 
of the given cubic surface C^ can now be outlined as follows: 

1°. For the given C^ = (cxY = 0, the invariants is, ■ ■ • , Uo and the 
linear co variants {Inx) , • • • , (hsx) are calculated. 

2°. The values of is , • • • , 140 furnish the values of the known quantities 
h, • • • , /30 of the equation problem of Ge, 2 • We assume that this problem 
has been solved and that therefore the coordinates x, y , z, t, u of a point 
P in S4 are known. 

3°. These coordinates substituted in (1) furnish a set Pj by means of which 
the given C-^^ can be mapped upon S2 ■ The values of a , • • • , / and di in 
terms of these coordinates are given in I (35), (47). 

4°. From the values of a, • • • , / and (^2 the linear co variants {L%a) , • ■ • , 
{Lzi a) of (15), and the 45 tritangent planes as given in I (47) are expressed 
linearly in terms of a , •••,/. 

5°. From equations (15) the values of a , • • • , / as linear functions of x are 
obtained. 

6°. These values of a, • • • ,/set in the equations of the 45 tritangent planes 
furnish the equations of the tritangent planes of the given surface {cx)^ = 
in terms of the given variables x . 

The above procedure is effective whenever the equations (15) are such that 
step 5° can be carried out. We have therefore a case of exception when 
*ioo = /ys = 0. In this case however the Galois group of the problem is 
reduced at least to a desmic group of order 2 • 576 and the lines of C^^^ can be 
expressed by means of radicals alone. 

Since any solution of the equation problem of Fr, 2 is equally well a solu- 
tion of that of Ge. 2 , all the operations outlined above can be carried out 
after the adjunction of Va has reduced the group of the problem to Fe, 2 of 
order 25920. We are now enabled to dispense with the originally given 
surface C^^^ and to consider further only those processes which are necessary 
for the solution of the equation problem of Fe, 2- 

3. Irrational invariants of C^' 

In this paragraph certain systems of irrational invariants of C'^' are built 
up from the irrational factors of its discriminant. They correspond to the 
separation of the lines of the surface into double sixes, into the so-called 
" complexes " of lines, and into the triads of lines in a tritangent plane. Of 
these three sorts the first do not give rise to irrational invariants of PI as 
defined in I, § 3, for their expressions in terms of the coordinates of Pi are not 
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homogeneous and of the same degree in the coordinates of each point. But 
the last two sorts are irrational invariants of P| and they lie in the simplest 
linear system of spreads invariant under the extended group Ge, 2 of Pi. 
The operations of Gn, 2 when carried out on this linear system give rise to a 
collineation group of order 51840 which we shall identify with a group of 
correlations in 184 which has the Burkhardt group for its collineation subgroup. 
Let us denote the lines of C-^^ hy h, • • • , U; mi , • • • , m^; lu, • • • , he ac- 
cording as they correspond in the plane of Pi to respectively the directions 
about the points pi, • • • , pe; the conies on the six points other than pi, • • • , pe; 
and the lines 

(12a;) =0, •••, (56.T) = 0. 

In the above notation a double six is isolated and the 36 double sixes divide 
into three sets 

n = \ ^^' ^^ ' ■ ■ ■ ' ^6 
" \ mi, m2, • • • , me 

r^ J 'ifc ? f-ik } ^ij y Hy I'm ) t-n I 

i^ Imn =1 7 7/1' 

[ mi , mj , mjc , imn y ^In y Hm J 

T-j \ H y ^1 , ijk y tjl, Ljm y ijn 

1 'i y my , iik y iil y iim y Hn 

{i,j, fc, ••• , n = 1,2, •••, 6). 

In the plane, Dimn arises from D by using the quadratic transformation Aijk', 
while Dij arises from D by using the cubic transformation with double F- 
point at pj and simple F-points at pt , • • • , p„ . The double six D has 6 lines 
in common with each of the 20 double sixes Dimn and 4 lines in common with 
each of the 15 double sixes Da . Two double sixes form an azygetic or syzygetic 
duad according as they have 6 or 4 lines in common. The typical azygetic 
duads are: 

^ y ^ ijky J--'ijky ^ Imn y J^ijky ^ijly ^ ijk y ^ily ^ i] y ^ ik y 

the typical syzygetic duads are: 

•^ y ^ijy ^ijky J-^ilm'y i^ijky ^ Im'y ^ ijk y ^ ijy ^ijy J^kl' 

* The terms azygetic and syzygetic are taken from the finite geometry mod 2 ( p = 3 ) 
of the theta functions (cf. II, p. 357). If of the 28 quadrics one, say Qm , be isolated then 
the 36 points Pm , Pmjk = Pimri, Pa which are not on this quadric can be associated with 
the double sixes while the 27 points Poi , Pa , and Pi ,07 which are on the quadric can be asso- 
ciated with the 27 lines of C<" . Through each point outside the quadric there pass 6 secants 
of the quadric. These are ordinary lines of the null system determined by the quadric. Two 
points are syzygetic or azygetic according as they do or do not lie on a null line. Thus each 
outside point (or double six) determines 6 pairs of points on Q07 (line pair of C<" ) and these 
6 pairs lie in two sets of 6 for each point is azygetic with all of its own set and one of the other 
set. Any two outside points may be syzygetic or azygetic. In the first case their join touches 
the quadric at a point; in the second ease their join is skew to the quadric and the three points 
on it correspond to an azygetic triad of double sixes. 
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Two azygetic double sixes determine a third such that any two of the three 
are azygetic. There are 120 such azygetic triads whose typical forms are: 

D, Dijk, Dlmn', Dijkt Dijl, Dkl', Dij, Dik> Djk- 

No line is common to the three double sixes of an azygetic triad so that the 
triad contains 18 lines each appearing in two double sixes and omits 9 lines. 
The double sixes which are syzygetic with the members of an azygetic triad 
lie in two other azygetic triads such that double sixes from any two of the 
triads are syzygetic. Such a symmetrical set of three azygetic triads is a 
complex. The 9 lines omitted from each triad of a complex make up the 27 
lines. There are 40 such complexes; 10 of the form 

■»■ j'ifc, Imn = -^ J J^ijkj ^ Imni ^ijy ^iky ^jkt ^ Vm } J-^ In y ^mnj 

and 30 of the form 

J- iy, kl, mn = ^ijj ^ ikl y ^jkly ^klt ^kmny J-^ Imn y J-^mn y J^mij y J^nij . 

Tlie last type depends upon the separation of z , • • • , n into three pairs and 
upon the cyclic arrangement of the pairs.* 

We have noted in § 1 that there are 36 particular types of sets Pi for which 
C-^^ has a double point, each type being associated with a double six. The 
six lines of half the isolated double six map into the six lines of C' on the 
double point and the six lines of the other half coincide and map into directions 
at the double point. The 36 corresponding irrational factors of the dis- 
criminant A of C^^'> have been denoted by 6, 6im„, 5,7 . The vanishing of each 
of these factors can be expressed by explicit conditions on the coordinates of Pi 
except for the factors of type 8^ which indicate a coincidence of the points 
Pi and py-t We shall now set forth a set of 40 irrational invariants of C^' 
which correspond to the 40 complexes defined above. 

If we consider the product 

(16) 7123.466 =<^2 • (123) (456) 

we see that it is of degree 3 in the coordinates of each point of Pi; that it 
vanishes at least once for each coincidence 8^; that it vanishes twice for the 
Coincidences 8u, 8u, 523; 545, 546, Sse; and that it vanishes with the factors 
5, 6i2,i, and 5456 of A. It corresponds therefore to the product of the 9 dis- 
criminant factors associated with the 9 double sixes in the complex ri23, 466. 
In order to derive the remaining nine " complex invariants " of this type 

* All of these configurations of lines are well known; cf. Pascal, loc. cit., II, pp. 284-90. 

t If PI is taken in the canonical form (1) the same exception applies to 8234, Sut, Sui, and 
Sua ■ A closer study of the invariants of Ge, 2 in 24 would reveal the singular manifolds which 
correspond to these factors of A as well as to factors of type S,-,-. This information however 
is not necessary for our purposes. 
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by permutation of the points* we shall complete the definition (16) by the 
further requirements : 

yijkt Imn ^ Ifjik, Imn ^^ Ifjki, Imn 

(17) 

— yijk, mln — yijky mnl — yimn^ijk* 

Then the ten complex invariants of the first type are 

Table I 

7123.456 = d2(123)(456), 7m, 463 = cla (125) (463), 

7134. 662 = 4 ( 134 ) ( 562 ) , 7136. 524 = ^2 ( 136 ) ( 524 ) , 

7145. 623 = d2 ( 145 ) ( 623 ) , 7142. 635 = d2 ( 142 ) ( 635 ) , 

7156. 234 = <i2 ( 156 ) ( 234 ) , 7153, 246 = ^2 ( 153 ) ( 246 ) , 

7162, 345 = d2 ( 162 ) ( 345 ) , 7i64. 352 = ^2 ( 164 ) ( 352 ) . 

From equations I (34) we get at once the values of the jtjk, imn in terms of 
d2,a,, ■■•,]. 

Consider again the product 

(18) 7u, ki, ran = (»H) {jkl) {kmu) {Imn) (mij) (nij) . 

It also is of degree 3 in the coordinates of each point of Pi; it vanishes at 
least once for every coincidence; it vanishes twice for the coincidences 8ij, 
Ski, and Smn', it vanishes along with the six factors diki, etc., of A; and it there- 
fore corresponds as above to the complex Fi,, u, mn- Its definition is com- 
pleted by the further requirements (which accord with permutations of the 
points of Pg ) : 

^.-lyy 7ii, kl, mn ^^ 7^*. mw, ij ^^ 7/*. kl, mn ^ 7ti. wn, kl ' 

Hence there are 30 complex invariants of this type which occur in 15 pairs. 

In order to get explicit expressions for them in terms of ^2 , 5 , • ' ' > f con- 
sider the particular pair 712. 34, 56 and 712, 55. 34. If in these we substitute 
respectively for (134) (356) and (256) (412) their values (315) (364) 
+ (316) (345) and (264) (215) + (245) (216) we find that 

712.34.56= (364) (512) • (234) (456) (612) (315) 

+ (345) (612) • (234) (456) (512) (316), 

712.56.34 = (364) (512) • (156) (312) (5.34) (264) 

-I- (345) (612) • (156) (132) (634) (245). 
* We use here the parallel generating permutations of I (28), viz.: 
(12), (23456); (ad){be)(cf), (adbfe), 
an odd permutation requiring also a change of sign in di . 
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From I (46) and (47) we have* 

-I- dp 

(234) (456) (612) (315) ^ (156) (312) (534) (264) = , 

— — (12 , 

— 1— — nn 

(234) (456) (512) (316)^ (156) (132) (634) (245) = , 

(20) .-. 712.34,56-712.66,34 = - ^2 [ ( 364 ) ( 512 ) + ( 345 ) ( 612 ) ] 

= d^{d — a) . 

7i2, 34,66 + 712,66, 3i = {d + c + e) dc + (3, + c + e)ac 

= (a + c + e) {a2 + 2d^ + 2e^ + 2de) 

+ {d + c + e) {tti + 2a^ + 2c^ + 2dc) 

= - Uiia + d) - 2ia^ + d^) + 2[a2 0-i + Sa» + "Ea^ d + cts] 

= — aa ( a + 5) — 2 ( a' + d' ) + 2 [ aa (Ti + (Ti — 2<Ti 0-2 + 0-3] , 

where the 2's refer to symmetric functions and the <r's to elemenfary sym- 
metric functions oi a, c , d, e. But from 

b + f = - (Ti, 6/ + ( 6 + /) (Ti = 02 - 0-2 , 

bfffi + ( 6 + /) 0-2 = as - 0-3 
we get by ehminating b + f and bf the relation 

02 ci + o'l — 2<Ti (Xi + (Tz — as = . 
■'■ 7i2, 34, 66 + 712, 66, 34 = 2a3 - 02 (a + rf) — 2{d^ + 3,^). 
If now we introduce the new set of six quantities a, • • • , f defined by 

a = as — aid — 2d^ , 

(21) •_ 

r = a3-a2/-2/^ 

which satisfy the relation 

(22) ^ + ^ + y + S+~e + f^O, 
then 

7l2, 34, 66 + 712, 66, 34 = « + 5 .f 

* The formulae used here are derived from those quoted by proper permutation. 

t These six values which serve so well for the expression of the complex invariants have 
another interesting contact. If a, • • • , / are the roots_of a sextic then (21) is the Tschirn- 
hausen transformation to a sextic with roots a, •••,{•. If da = , i. e., if a| — 4o4 = , 
the first sextic is the sextic of Maschke and the transformed sextic is that of Joubert. For 
it is easy to verify that Sa' = 9 ( a| — 4a4 ) ( aj as — 2a6 ) = 54 95. From this point of 
view the transformation (21) has been used in an earUer paper — Coble, An application of 
Moore's cross-ratio group, etc.; these Transactions, vol. 12 (1911), p. 323, (32); cited 
hereafter as CI. 



1917] POINT SETS AND ALLIED CEEMONA GROUPS 343 

Combining this with (20) we get values of 712, 34, se and 712, b6, 34 and by 
permutation obtain the values of the 30 complex invariants of the second 
type. These are collected in 

Table II* 



2712. 


34. 


56 = 


= a + S — d2{a - 


-d), 


2712. 


56, 


34 = 


= 5 + 6+^2 (a- 


-d), 



The 40 complex invariants are connected by many relations. We see at 
once that the 10 invariants in Table I are connected by 15 relations of the 
type: 

1 • 7l23. 466 + 7l24, 366 + 7l34, 266 + 7234. 166 =0. 

The complexes which correspond to the four terms are those which contain 
the syzygetic duad of double sixes D , Da . Corresponding therefore to the 
four other types of syzygetic duads listed above we have respectively four 
other types of relations: 

2 . 723. 16. 64 + 7l2. 36. 64 — 742. 65. 13 ~ 762, 45. 13 = , 
3°. 7466. 123 + 745. 61. 23 + 745. 62. 31 + 746. 63, 12 = , 

4 . 7123, 466 + 723, 14, 66 + 731, 24, 66 + 7l2, 34, 66 = , 

5 . 7l2, 34, 56 — 7l2, 56, 34 + 7l66, 234 — 7l34, 256 =0. 

These 270 linear relations can be verified by using the above five typical ones 
in connection with Tables I-II. 

Not more than 10 of the 40 complex invariants are linearly independent, 
for they are expressed above in terms of ^2 a , • • • , d^f , a, • • • , T where 
^2 J2^ — and J^a = 0. That precisely 10 are independent can be verified 
by computing di{a — h) , • ■ • , diia — ]) ,a — ^ , ••-,« — ^, and checking 
their independence. 

The group Ge, 2 is generated by transpositions of the points and by the ele- 
ment A\2z- The effect of the transpositions upon the complex invariants 
can be inferred from the subscript notation in their definitions (16), (17) and 
(18), (19). The effect of the quadratic transformation ^123 upon the double 
sixes and the complexes is easily given. The element ^123 can at most per- 
mute the complex invariants to within outstanding factors. It must how- 
ever transform the identities 1°, •••, 5° into identities. If then this out- 
standing factor is taken to be unity for some one invariant the value of the 
factor for other invariants can be inferred from the fact that identities in- 
volving this one invariant must be transformed into other identities. In 

* The table can be completed so readily that it is not given here in full. However a com- 
plete table is necessary for checking some of the relations given below. 
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this way the effect of the involution ^123 upon the double sixes, the complexes, 
and the complex invariants is found to be: 

(Z»m), (-0,^466), (2>124,Z)34), (i^Us), (-D12), ( I>56 ) ; 
(23) (ri23, 456) , (ri24, 356, ri2, 34, ee) > ( ri4, 25, 36 , Tie, 36, 24 ) , (ri2, 86, 34); 
( 7l23, 456 ) ) ( 7l24, 356 , 7l2, 34, 56 ) , ( 7l4, 25, 36 , — 7l6, 35, 24 ) > ( 7l2, 66, 34 ) . 

Of course in these permutations (23) only typical cycles with reference to the 
division 123, 456 are given. The permutation of the D's is even while that 
of the r's is odd. 

The complex invariants when expressed in terms of the coordinates x , y , 
2, <, zi of P in S4 lie in a linear system of dimension 9 of spreads invariant 
under Ge, 2- Moreover they constitute the simplest linear system of this 
sort. For a member of such a system invariant under Gei must be expressible 
in terms of a , •■•,/. These are quadrics (I, p. 196) on the canonical basis 
of S4. On the other hand a spread invariant under ^123 must be of order 
5k with 3A:-fold points at the reference basis in S4. The simplest way to 
reconcile these requirements is to take functions of the third degree in a , • ■ • , / 
from which u factors out. Since d^ contains the factor u the invariants of 
Table I have this factor. The factor u appears also in ( 156 ) , ( 256 ) , ( 125 ) , 
(126) and every complex invariant of the type (18) must contain at least 
one of these factors. The word " simplest " as used above means of lowest 
degree in the coordinates of PI . 

(24) The 40 complex invariants satisfy a set of 270 four termed linear relations 
by means of which they reduce to 10 linearly independent invariants. The latter 
determine the simplest linear system, of irrational invariants of C^ and, as quintic 
spreads in 24 , the simplest linear system invariant under G^, 2 • If ^4 be mapped 
upon an Sg by means of this linear system Ge, 2 appears in S9 as a collineation 
group 751840- 

In order to prove that the group 751340 in So has an invariant pair of skew 
S4's we shall derive two new sets each containing 45 irrational " tritangent " 
invariants. A syzygetic n-ad of double sixes is a set of n double sixes such 
that any two are syzygetic. The typical forms of the syzygetic tetrads are 

there being 15, 30, 90 respectively of each kind. The syzygetic duads and 
triads can all be picked from these tetrads. The 135 syzygetic tetrads divide 
into 45 sets T of three such that, in any set of three, double sixes from different 
tetrads are azygetic. Any tetrad lies in but one set T since the 8 double sixes 
in the other two tetrads of T comprise all that are azygetic with the four 
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members of the given tetrad. The typical forms of the sets T are 

■* ij, kl, mn = -^ j J^ij t ^ kl j ^mnt -^ ikm t J^iln t -^ jkn j ^ jlmj 

^ jkm J J-^jlnf J^iknt -L^ikm't 
^ ijkl, m =^ J^ij t ^klf ^ijmf ^ klm\ ^iky ^ jl j ^ ikm j ^ jlm] 

^il y ^ jk J ^ ilm J ^ jkmj 

there being 15 of the first kind and 30 of the second kind. The 48 Hnes of 
C*'* in a syzygetic tetrad consist of 24 lines each occurring twice, so that three 
lines of C^ in a tritangent plane are omitted from a tetrad and the same three 
lines are omitted from each of the tetrads in T , whence the sets T correspond 
to the tritangent planes. 

A syzygetic triad can be enlarged in but one way into a syzygetic tetrad, 
whence there are 135-4 syzygetic triads. The four complexes in each of the 
270 relations 1°, • • •, 5° each have a common syzygetic duad, whence all the 
relations are conjugate. We see from 1° that any two complexes in such a 
relation have a common syzygetic triad, whence any two terms must occur in 
three relations. The two complementary pairs drawn from a relation deter- 
mine two syzygetic triads drawn from the same tetrad, whence given a tetrad 
the four triads formed from it determine four pairs of terms and by equating 
these pairs of terms six relations are obtained. Thus the 135 tetrads deter- 
mine 135-6 relations, but each is obtained three times, corresponding to its 
three pairs of pairs of terms. 

Let us select the particular set Tu, 34, se and write down for each of its 
tetrads the four equal pairs of terms. We find with the help of Table I and 
II that 

chid — a) = '712, 34, 66 ~ 7l2, 66, 34 = 7l34, 266 ~ 7l56, 234 
= 7356, 412 — 7312, 466 = 7612, 634 — 7634, 612! 

7l6, 35, 24 = 7l4, 36, 26 — 7l6, 46, 23 

(25) 

7l3, 26, 45 — 7l6, 23, 46 — 7l4, 26, 63! 



H« 


- d + diid 


- d)] = 713, 46, 25 
= 7l6, 24, 36 


|[5"- 


- a + di{d 


— d)] = 7l4, 36, 25 
= 7l6, 23, 46 



7l6, 45, 23 — 7l3, 46, 26 — 7l6, 36, 24 
7l4, 26, 35 = 7l6, 24, 36 ~ 7l3, 25, 64- 

The sum of these three " tetrad invariants " is zero and we form from them 
as follows the pair of "tritangent invariants": 

2(p - p2)fi2, 34,56 = 2[d2{d- a)]+ p[a-~5 + diid - d)] 

+ p^8 - a + diid - d)] , 

(26) 2(p2-p)ri2,34,66 = 2[d2{d - a)] + p'[a -'d + d2{d - d)] 

+ p[d - a+ diid — d)], 
p = i''"\ 
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Both <i2, 34, 66 and m, 34, 56 contain the factor d — a since 

(27) 5 - 5 = (d - a)ad, 

and both vanish when the three lines of their corresponding tritangent plane 
of C'' meet in a point. 

In order to obtain the second type of tritangent invariant we carry out 
on the above type the transformation ^123 and interchange t, t and p, p^. 
Then T12, 34, 56 becomes 2'i266, 4 and the three tetrad invariants associated 
with ri256, 4 become 

7l24, 356 — 7l2, 66, 34, 7l6, 23, 45 + 7l6, 36, 24, — 7l5, 34, 26 — 7l35, 246- 

These have the values 

-i[« + 5 + rf2(5+ c- e -/)], 

(28) -h[^ + y + d2{e+f-d-d)], 
-i[~e + f + d,{d + d- b- c)]. 

As we should expect their sum is zero. With multipliers 1 , p , p^ respectively 
we form ( p^ — p ) T1256, 4; and with multipliers 1 , p^ , p we form ( p — p^ ) tm^, 4 • 
Then 

2<i256,4 = [-p(i8 + 7) + p'(€ + f) -^2(a + J) 

- p'd,{b+c) - pd2{e+f)], 

(29) - _ _ - 

2ri266,4 = [- pHP + y) + Pie + n -d^id + d) 

- pd^ib + c) - p'd,{e+f)]. 
We shall now make an important change of variables. Let 

(30) Xa = a + (p - p'^)d2d, •••, Xf =~^ + {p - p"^) dif, 
Ua = a + {p^ - p)did, ■■ ■ , Uf = f + (p'^ - p)dif. 

Then the two types of tritangent invariants and the three types of complex 
invariants take the following very simple forms: 



(31) 
(32) 



2^12, 34, S6 — Xa — Xd, 

2ti2, 34, 56 = Ua — Ud- 

2<1266, 4 = - p{Xb + Xc) + p'^iXe + Xf) , 

2ti256, 4 = - p^ {Ub + Uc) + p {Ue + Uf) . 

2 (p — p^) 7123, 456 = Xa + Xb + Xc — Ua — Ub — Uc , 

(33) 2 ( p — p2) 7i2, 34, 56 = PXa — p'^ X d — p'^ Ua + pUd , 

2 ( P — P^ ) 7l2, 56, 34 = — P^ Xa + pXd + pUa — P' Ud- 



(35) 
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The new variables are subject to the relations 

(34) Xa+ ■■■ +Xf =0, Ua+ ■■■ +Uf =0. 

Their permutations under the operations of Get are evident at once from (30). 
In order to determine the effect upon them of the element ^123 we need only 
to take the transformation (23), translate it to the new variables by using (33), 
and express the transformed variables in terms of the original ones. This 
presents no difficulty and the result is 

6x'a = {- 3p^ + p)Ua+ (3p^ + p) {Ui + Uc) + {Ud + Ue + Uf) , 
%Xi = ( - 3p2 + p)M6 + (3p2 + p) (Mc + Ma) + {Ud -\rUe-\- Uf) , 
6x'^ = {- 3p2 + p)Uc + (3p^ + p) {Ua + Ui) + {Ud + Ue + Uf) , 
6.Td = (Ma + Uf, + Uc) + { - dp + p^)Ud + (3p + p2) {Ue + Uf) , 
6.Te = (Ma + M6 + Mc) + ( - 3p + p^ ) Me + ( 3p + p^ ) {Uf + Ud) , 
6a;/ = (Ma + Mt, + Mc) + (- 3p + P^)M/ + (3p + P^){Ud + Ue) . 

The transformation is completed by assigning to the matrix of the trans- 
formation which expresses 6m1 , • • • , 6m/ in terms of Xa , • • • , Xf coefficients 
which are conjugate to those of the matrix in (35). 

The most important result which appears from this form of ^123 is that the 
variables x and u are interchanged. It is clear from (30) that the same is 
true of the transpositions of Ge\ . Hence the space 1S4 defined in S9 by 

Ma = • • • = M/ = , 

in which Xa, • • • , Xf are variables and the space S4 defined in S9 by 

Xa = • • • = Xf = 0, 

in which Ua, • • • ,Uf are variables, are either unaltered or interchanged by an 
operation of 7bi84o according as this operation can be expressed as a product 
of an even or an odd number of the 36 generating involutions. Hence 

(36) The collineation group 751340 of (24) has an invariant pair of shew Si's. 
Its invariant subgroup 725920 appears in either S4 as a collineation group with a 
conjugate set of 40 linear spaces (33) and a conjugate set of 45 linear spaces 

((32), (31)). 
It is clear from (17), (19), and (23) that 

E2 * 

7l23, 468 
40 

is an invariant of Ge, 2 if it does not vanish identically. From (33) we have 

- 12 X) 7f23,456 = 5'^xl + 5j2ul+ 4:'^XaXb+ iJ2 U^Ut + Q^XaUb. 



' The number under a summation sign is the number of terms used in the sum. 
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If we make use of (34) we find that 

23 7l23,456 = 2'^XaUa. 
40 6 

The expression for this invariant in terms of a , • • • , / is from (30) : 

« 6 

If we square a and use a table of symmetric functions we find in the notation 
of (9), § 1, that 

(37) 23«' = 2l6 + Ga2 94. 

6 

(38) .-. X) Tm,456 = 2 X a^a Wa = 4/6. 



40 6 



From this result there follows that under 725920 the variables x and u are 
contragredient. If then a; is a point in Si, u may be regarded as an S3 in /S4 
and the ic , m we shall define to be a counter-'point in S4 . Then the elements 
of 751840 not in 725920 are correlations in Si since they interchange the members 
of counter-points and have the invariant (38). Thus 751340 can be regarded 
as a correlation group in Si, 725920 as the invariant coUineation subgroup of 
this correlation group. 

This coUineation group in Si is reasonably well identified with the Burk- 
hardt group in Si by the two conjugate sets described in (36). To do this 
more precisely we observe with Burkhardt (BII, § 45) that his group can be 
so represented that it contains a subgroup G^i which permutes symmetrically 
eSs's.* If this transformation be applied to his simplest invariant J4 (BII, 
p. 208) it takes the form 

(39) Ji = '^XaXbXcXd {X^+ ■■■ +Xf =0). 

15 

I had noted in using another canonical formf that this quartic spread has a 
conjugate set of 45 double points. The spread (39) has double points of 
types 

1,-1,0,0,0,0; 1,1, p,p,p'p\ 

If we compare these coordinates with the coefficients of the tritangent invari- 
ants in (31) and (32), after modifying 2ri256, 4 by adding 

- I(P - P')(l'a + •■■ +Uf) 

so that the sum of its coefficients is zero, we find them to be the same. Hence 

the group of the 45 double points is the group of the 45 tritangent invariants t . 

(40) The Cremona group Ge, 2 in S4 effects tvithin its simplest invariant linear 

system a group of linear transformations 751340 which perm,utes the irrational 

* Such a subgroup (one of 36) is generated by the elements ( 12 ) ■ I , ■ ■ ■ , ( 56 ) • / of Te, 2 . 
t Coble, An inoariant condition for certain automorphic algebraic forms, American 
Journal of Mathematics, vol. 28 (1906). 
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invariants of C^^^ in this linear system as the counter-points in S4, are permuted 
under the operations of the* correlation group of order 51840 built upon Burk- 
hardt's collineation group 0^5^20 ■ 

The group 751810 in Sg has the invariant (38) which may be regarded as a 
quadric and which determines in S9 a polarity P. This polarity and 751840 
generate a correlation group 72.51840 in (Sg which has for invariant subgroups 
both 751840 and the G2 whose elements are 1 , P . Any element of 751840 is 
permutable with P whence any involution of 751840 multiplied by P is a polar- 
ity Q. A convenient way to indicate any involution of 751840 is therefore to 
write the equation of the quadric Q. The involution is then QP , a product 
which can be written at once because of the simple form of P . 

In particular the conjugate set of 36 generating involutions of 751840 give 
rise to the set of Q's: 

IQ = xl+ ■■■ +x} + ul+ ■■■ +u}, 

iQn = — 2{XaXd + XbXe + XcXf) — 2 {UaUd + MfcMe + UcUf) , 

(41) 

iQ466 = — 2p'^{XiXc + XcXa + XaXh) — 2p{X^Xf + XfXd + XdXe) 

— 2p {Ub Uc + Uc Ua + UaUb) — 2p^ (UeUf + Uf Ud + Ud Ue) . 

It is to be observed that the 36 products PQ, which in 1S9 are collineations, 
in Si are correlations, and in fact polarities. The quadrics in Si which deter- 
mine these 36 polarities in Si which generate the correlation group (40) are 
precisely those of (41) where however each Q is the sum of the point-equa- 
tion and the iSs-equation of the same quadric. 

The following theorem, naturally of prime importance, is a consequence of 
(40), (30), and § 1 (13). 

(42) Any invariant of the Burkhardt group Cr2D92o of total degree 2k in x and u , 
or the sum or difference of two dual invariants of such total degree, is an invariant 
of C-^^ of degree 6k in a, •••,/, which is rational in Ze, /12, ^A, lis, and /so. 

In this way invariants of the hexahedral surface can be calculated. For 
example, we have already found in (38) that the invariant Se Xa Ua of G29520 
gives rise to the invariant 2/6 of C'^' . We find also that the invariant J4 of 
(39) and its dual give rise to the following invariants of C^^' : 

&[^XaXbX^Xd + J2 UaUbUcUd] = 4:11 + 24a2 qih 
(43) '' '' -f- 24a2 ql - 288a3 ^4 qn + 80al q\ - 48?? , 

6[^XaXbXcXd — '^UaUbUcUd] = — 40 ( p — p^ ) VA . 
15 15 

The first of these might be taken as 7 12 , but it is to be remarked that invariants 
of C^ obtained in this way are not in immediate relation with a system ob- 
tained by known co variant processes such as is contemplated in § 2. 

* Since Gmm is simple it can be enlarged to a correlation group in only one way. 

Trans. Am. Hath. Soc. S3 
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4. The solution of the form problem of Ge, 2 in terms of a solution 
OF Burkhardt's form problem 

The data necessary for this purpose are a set of independent invariants of 
the Burkhardt group (which we shall take as given in BII with variables 
2/0,2/1) • • • , 2/4 ) and a set of five invariant mixed forms linear in the space 
coordinates Vo, Vi, • • ■ , v^. The expressions in y for the invariants J4, Je , 
Jio , J12 , and J18 given by Burkhardt seem open to suspicion (cf . footnotes, 
§§ 4, 6) and we shall merely assume that independent invariants of the degrees 
indicated exist which together with their jacobian, J 45, constitute a complete 
system in the variables y alone. 

It is noted in BII, p. 218, that the forty squares 

92/S, -3{yo + 2e^yJ\ (. = e^-*/'), (« = l, •. • , 4), 

(2/0 + 26^ z/i + 26-^ z/2 + 26" 2/3 + 2e-^-''-' 2/4)' (X, m, ^ = 0, 1, 2), 

are merely permuted under the operations of the group. If then Jik is the 
sum of the kth powers of these squares, Jik either vanishes or is an invariant. 
In order to prove that J2k (A; = 2,3,5,6,9) together with J 4s, constitute 
a complete system we have only to prove that their jacobian is not zero and 
therefore must be a numerical multiple of J 45- To simplify the calculation 
we shall assume after taking the derivatives that 

2/0 = 2/4 = 0, 2/1 = - 2/2 = 1, 2/3 = <• 

Then J46 , the product of the 45 linear forms given in BII, p. 195, takes the 
simple form 

j4, = (TfiHf- i)if + 3'y, 

where a is a numerical constant. The first derivatives of J2k for the given 
values of k become 

i^^ = ?(- ^^'*'*'^''"' +.?.^'' - *" + '"^y""''' 

2'" 2k dy4 ^.tr/ ' +' ') ' 

We see that for fc = 2 and k = 5 only the first and last derivatives do not 
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vanish so that the determinant of these derivatives is a factor of the jacobian 
which turns out to be 

- 23.3^-52<4(<6 + 33), 

which is a factor of J46. The remaining factor is the determinant of the 
other derivatives f or fc = 3 , 6 , 9 . If we write these derivatives in order 
for a given i; in a column, then the first and second rows are interchanged with 
a change of sign throughout, if X and ix be interchanged and t changed in sign. 
If then we take the sum and difference of the first two rows for new first two 
rows, f factors from the new first row and t^ factors from the last row. The 
factor fi'^ of J46 is now accounted for and the columns are of degrees 0,1,2 
in f. It will now be sufficient to prove that the coefficient of the highest 
power of f is not zero. This is 



27^-22 



10 Ci) CI) 
-12 -9(y) -9(y) 

1-3 1 + 3< 1-3^ 



= 25.312-5-31-4181. 



(44) The invariants J 1.1, J 2-3, J 2-6, Ji-e, and J2.9 defined above, together 
with J45 , constitute a complete system for the Burkhardt group. 

We shall indicate by J,-, k an invariant form of this group of degree i in y 
and of degree k in the dual coordinates v. Then the group has an invariant 
Jo, 4 , the dual of J4, found above. I had noted (see loc. cit., § 3) that these 
two forms had the symmetrical property that the polar quadric of a given 
quadric as to either would have for polar as to the other the given quadric. 
Thus either form defines the other and if we take with Burkhardt 

J4.o = yt + 8yo{y\+ ■■■ + yl) + 48z/i 2/2 2/3 2/4 , 

then Jo, 4 must be 

Jo,i=vi + Vo(v\+ ■■• + vl) + 3»i V2 vz Vi . 

If we operate with the polar cubic of v as to Jo, 4 on any invariant Jr, the 
result, if not zero, is an invariant Jr-3, i- We shall now prove that 

(45) If ive operate with the polar cubic of v as to Jo, 4 upon the sums of poivers 
J 2k for fc = 2, 5, 6, 8, 9 we obtain five forms Ji, 1, J7, 1, J9, 1, J13, 1, and 
Jib. 1 tvhich in v are linearly independent and have for determinant J45 . 

The proof will be carried out as above. The coefficients oi vo, • • • , 1)4 in 
J2/fc-3, 1 become after using the above special values of y and taking out the 
numerical factor 2k {2k - 1 ) (2fc - 2) 22*^-1 -3 

^ ( _ 3)i ,2W ^24-3 ^. 3 ^ ( jA _ jM ^ e^ ^)2«:-3^ 

^ ( - 3)* €(2*-l)^ +3 E (€'-€"+ €- ty-"-^ €-\ 
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X) - ( - 3)*= €(2fc-i'^ +3 J2 (e" - €" + e" 0""' «'" , 

A \, fJL, V 

X; ( - 3)* ^(2fc-l)A ^2*^3 _^ 3 ^ (jA _ ^^ _,_ ^. ^)2fc-3 ^2. 
X A, M > »* 

+ 3 E («'' - e" + «" 0'*"' f^"^""^"- 

A, ft, V 

Again for A; = 6 , 9 the coeiBcients of vi,V2, vz vanish so that the determinant 
of the five forms contains as a factor the two-rowed determinant of coefficients 
of vo , «4 for k = 6,9. This is easily reduced to 

3« {3^ + S)f - 2-3'Cs)^ 

(- 3^ + 3)<i5 - 2-32(J')<9 + 2-3«(f)<» 






311.22.72. 13^^ 



2-33 



4P - 32-5-ll<« + 3^-5 5<«- 3^-11 

= 3"-22.72-13-17<«(<« + 3^)2. 

This is a factor of J45 . * There remains the determinant of the coefl&cients of 
«i , J'2 , ?'3 for A; = 2 , 5 , 8 which reads as follows when we denote 

EC^'-e-'+O* by s,: 

A, M 

3» + 9*1 e^^ - 3« + 9*7 e'^ 3» + 9si3 e^ 

- 33 + 9si e^" 3« + 957 e^" - 3^ + 95i3 e^" 

3^ < + 9si - 3« f + 957 39 <" + 9si3 

By adding and subtracting the first and second rows to form new rows we 
get the determinant 

-35 -c:)t' + {\i)^' 

3(7<«-36) S[i\^)f^ - il')t' + 4-3^] 

- 3(8<« + 18-7) •3-244<i2 - 2(J')<« +2-13-3« 

= 25-3"-5-lM9<V<« - !)(<« + 32) 



2^-3"<* 



which is the remaining factor of J46 and theorem (45) is established. 

According to § 3 (42) the invariants J2.2 , • • • , J2-9 of (44) give rise to in- 

* I originally tried to derive a Ja, 1 and Jis, 1 by operating with the above polar cubic on 
Burkhardt's Jn and Ja as explicitly given in terms of the y'a in BII, pp. 208-9. As above 
only the terms in Vo , V4 persisted for 2/0 = 2/4 = 0. But their two-rowed determinant could 
not be expressed as a factor of J45. Either my own calculation was wrong or there is some 
mistake in one of these forms other than the misprint (p. 209) in the term — 8S2/1 yl yl yl 
which should read — 82^/1 yl yl yl . This was one of the reasons for introducing a new com- 
plete system. 
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variants Hz , I'\i , I'so , I'se , and /^ of the group Fe, 2 and the invariants Ji, 1 , 

• • • , Jib. 1 of (45) give rise to invariants I'^ , Zal , I's'o , 1*2 , and Jig of Fe, 2 • 
Explicit expressions for the invariants I' and I" could be obtained if a complete 
system for Ge, 2 had been selected. Their expressions in terms* of a, • ■ ■ , J 
could easily be written, since they are given in terms of the sums of powers 
of the 40 linear forms in x found in § 3 (33) and from § 3 (30), (21) the values 
of X in terms of a , • • • , / are known. 

The requisite steps in the solution of the form problem of Fe, 2 when a 
solution of Burkhardt's form problem is adjoined are as follows: 

1°. From the given values of le, In, "Va, I^, ho the values of /',2, I{g, 
I'so > I'm > In above are determined and thereby the given values of the Burk- 
hardt form problem are ascertained. 

2°. From these values a solution of the Burkhardt form problem is calcu- 
lated. 

This solution we suppose taken in the canonical form Xa, • ■ ■ , Xf where the 
factor of proportionality X in the x's is determined from Ji-zlJi.^ to within 
sign. 

3°. The values of I^', ■ • • , I'U ^r^ determined in terms of the invariants 
of Fe, 2; and from the system of five linear equations 

together with «« + • • • + W/ = , the values of Wa , • • • , Uf are found in 
terms of the I" and of a;a , ■ ■ • , Xf to within the same factor X . 
4°. From the equations 

Xa - Ua = 2{p - p^)d2a, •••, Xf - Uf = 2{p - p^)d2f, 

values ot na, • • ■ , uf are obtained. If these values are used in place of a , 

• • • , / to determine a m Xa ■\- Ua = 2a , the value of n^ is rationally deter- 
mined. If in (8) § 1 we use ^a , etc., rather than a , etc., in forming 11 we have 



aS 



d2 n>. _ d2 ix^ n^ 



whence d^ y? is rationally determined. 

5°. The ratios of the coordinates of the point P in S4 which is a solution 
of Fe, 2 are obtained from I, § 10 (89) by replacing a, • ■ ■ ,f, phy nd, ■ • ■ , p,], 
pp where pp is rational in ^la, • ■ ■ , pf, p"^ d2. 

The above procedure is valid except in the two cases when either A van- 
ishes, or J45, the determinant of the system of linear equations in 3°, vanishes. 
If A vanishes the lines of C^^' can be determined by the solution of a general 
sextic equation and the above apparatus is unnecessary. If J45 vanishes 
then one of the tritangent invariants < of § 3 (26), (29) must vanish. The 
product of these is an invariant I75 • I^o of Fe, 2 . Without stopping to discuss 
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the geometric meaning of ho it is clear that the vanishing of J45 must imply 
the isolation of a tritangent plane of C^^' in which case as noted before the 
equations of the lines can be expressed by means of radicals. 

That the Burkhardt form problem has precisely 25920 solutions shows 
that the form problem of Fe, 2 has 25920 solutions and therefore that of Ge, 2 
has 51840 solutions. For any solution for Te, 2 leads to a solution for (725920 
and conversely. We now have to consider further only those processes in- 
volved in 2°. 

5. The normal hyperelliptic surface in Sg of genus two and 

GRADE THREE 

In this paragraph we shall develop certain geometrical facts concerning 
the hyperelliptic surface and its projections which suggest a solution of the 
Burkhardt form problem for the special case J4 = . 

It is known* that there are 3^^ essentially distinct theta functions of the 
first order whose characteristic can be formed from rational numbers with 
denominator 3. We shall use the 3^*" = 81 (p = 2) cubes of these func- 
tions, i. e., 81 theta functions of the third order and characteristic zero. Of 
these only 3^ = 9 are linearly independent, so that if such a set of 9 are equated 
to homogeneous coordinates in a linear space Ss they furnish, as the variables 
(m) change a parametric representation of a manifold If 2 in Ss. The order 
of M2 is the number of common zeros of two such functions, i. e., 3^-2! = 18. 

If we replace (u) by {u) + (P) where (P) is any period then (K, p. 371, 
V, VI) the 81 theta cubes all are affected by the same factor of proportionality 
so that values (m)' = (u) furnish the same point on Ml^ . If we replace 
(w) by (m + |P) then (K, p. 371, VII, VIII) the 81 theta cubes are per- 
muted cyclically in sets of three to within a factor of proportionality common 
to all. Hence (u)' = (u + ^P) is the parametric expression of a colHneation 
of period three which transforms M^^ into itself. By allowing (|P) to take 
all possible values a colHneation Gsi is obtained. If we replace (u) hy — (m) 
then (K, p. 372, IX) all the theta cubes, except [^iu)f which is unaltered, 
are interchanged in pairs without extraneous factors. Hence (w)' = — (w) 
is the parametric expression of an involution I which also transforms Ml^ 
into itself. These permutations of the functions are independent of variation 
of the moduli m , m , tii of the functions, whence 

(46) Any one of a family of 'x>^ spreads AI}/ defines the colHneation group 
G2.81 under which each member of the family is invariant. The parametric form 
of G2.S1 is (u)' = ± {u) + (3P). The G2.S1 contains an abelian subgroup 
Gsi of signature (3, 3, 3, 3) and also contains 81 invohitiom conjugate to I 
under Gsi . 

* Cf . Krazer, Lehrbuch der Thetafunktionen, pp. 370-72; cited hereafter as K . 
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We shall speak of Ml^ as the normal hyperelliptic surface of genus 2 and 
grade 3 since any surface whose parametric equations contain only functions 
of the third order and zero characteristic is either Ml^ or one of its projections. 

To obtain a convenient form for Cr2-8i let us suppose that a member of the 
family has been isolated for which T12 vanishes. The theta functions of the 
third order and zero characteristic can then be linearly expressed in terms of 
products of similar elliptic theta functions with respectively variables u, v 
and moduli m, T22. If the third periods are |Q and ^R respectively the 
G2.81 is a product of the parametric substitutions 

u' = eu + ^Q, v' = ev + \Rie = zhl). 

As we know such linear combinations of the elliptic thetas can be formed 
that their collineation group G2 9 is generated by 

x'i = Xi+i , x'i = p' Xi, x'i = Xz^i ( i s , 1 , 2 mo(i 3 ) . 

Similar combinations Xi in the variables v can be formed and the 9 products 
Xi Xj define special members of the family (46) . The Cr2.8i of such a special 
member, and therefore also of the general member, of the family has the 
generators : 

yti ) Xij Xi-j-i^ y , Xij = p Xij j Xij ^ iCj^ y_|_i , 

X ij p Xij J Xi^ j xg — t, 3 — y 

(p = eJ-fi/s ; i,j = 0, 1, 2 mod 3). 

The set of 81 points (m) = {\P) on M\^ is a conjugate set under (?8i- The 
particular involution I given by {u)' = — {u) or x'a = ara-,-, 3_y has 16 
fixed points on M)^ namely the one point (m) = included in the above set 
and the 15 points (m) = (5P) ^0. All of these points must be found on 
the fixed spaces of 7. If in order to bring into evidence these fixed spaces 
we make the change of coordinates 

2/0 = ^00, 

2yi = Xoi + a;o2 , 2zi = xoi — a;o2 , 

(48) 22/2 = Xio + X20 , 222 = Xio — .T20 , 

22/3 = xii + a;22 , 2z3 = Xn - Xii , 

22/4 = a;i2 + X21, 2z4 = a;i2 — X21, 

we find that the spaces of fixed points of I are an S3 with coordinates z deter- 
mined by 2/ = , and an S4 with coordinates y determined by z = . Since 
in the degenerate elliptic case when m = , Xo = Xi + X2 = , and when 
M = IQ, xi — X2 = we see that in general the fixed S4 contains the point 
(m) = and the 9 points {u) = (|P) where (5P) has an even characteristic 
while the fixed 8% contains the 6 points (m) = (2-f*) where (|P) has an 
odd characteristic. Since a pair of corresponding points of I is projected 
from either fixed space into a single point of the other fixed space we have 
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(49) Each Ml^ of the family invariant under the G2.S1 generated by (47) has a 
point (u) = in the fixed S4 of the involution I of (t2-8i- This fixed S4 meets 
Ml^ further in the 9 even half period points and the fixed S3 meets M\^ in the 6 odd 
half -period points. The family of <x>^ M\^'s is projected from the Sz into a family 
of doubly covered spreads iV| in S4 and is projected from the S4 into a family of 
doubly covered surfaces Wt in S3 . 

The general quadratic form in Ss contains 9 squares and 36 product terms. 
These all are theta functions of order 6 and characteristic so that there must 
be at least 9 relations among them which we find as follows. Assume any 
relation among the 45 terms. Being an identity it must be transformed 
into an identity by the collineation x'ij = p^ Xij and we obtain thus three 
identities. If these be multiplied respectively by 1 , 1 , 1 , then by 1 , p , p^ , 
then by 1 , p^ , p and in each case added there will be obtained three identities 
each consisting of those terms of the original identity for which the sum of 
the second subscripts is a constant mod 3. Proceeding in the same way 
with x'ij = p* Xij we get from each of the three identities three new identities 
such that in each term the sum of the first subscripts is a constant mod 3. 
Hence there must be an identity of one of the 9 following forms and beginning 
with any one the remaining ones are obtained from it by the collineations 

Xt^ j "^i+l, j ) «^t, j Xi^ y^i . 

ao ^00 + 2ai Xoi a;o2 + 2a2 Xio X20 + 2a3 Xn X22 + 2a4 Xu ^21 = , 

,.^. ao ^01 + 2q;i a;o2 Xoo + 2a2 Xn Xi^ + 2a3 a; 12 0:20 + 2a4 Xio X22 = , 
(50) 

ao x\-i + 2a\ Xoo Xoi + 2a2 X\i x-i.i + 2a3 Xio Xi\ + la^ Xx\ 0:20 = , 

These are the 9 expected relations with coefficients ao , • • • , a4 which are 
modular forms still to be determined. 

If we apply to these quadrics the involution I the first is unaltered while 
the others are permuted in pairs. If we add and subtract the members of a 
pair to form a new pair and then introduce the coordinates y and 2 from (48) 
we get the new equations 

ao yl + 2ai y\ + 2a2 y\ + 2a3 y\ + 2a4 y\ 

— 2ai zf — 2a2 zl — 2a3 z| — 2a4 zl = , 

ao yi + 2ai yo 2/1 + 2a2 2/3 2/4 + 2a3 2/2 2/4 + 2a4 2/2 2/3 

+ aoZi — 2ai 23 24 — 2a3 22 24 — 2a4 22 2:3 = , 

ao 2/2 + 2ai 2/3 2/4 + 2a2 2/0 2/2 + 2a3 2/1 2/4 + 2a4 2/3 2/i 

+ "0 Z2 + 2ai Z3 Z4 + 2a3 Z\ 24 — 2a4 23 Zi = , 
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(51) 



ao yl + 2ai 2/4 2/2 + 2a2 2/4 2/i + 2a3 2/0 2/3 + 2a4 2/2 2/i 

+ ao zl + 2q;i 24 22 — 2a2 2:4 Z\ + 2an Z2 Zi = , 



ao y\ + 2ai 2/2 2/3 + 2a2 2/3 2/i + 2a3 2/2 2/i + 2q;4 2/0 Vi 

+ ao Z4 + 2ai 22 23 + 2a2 Z3 zi - 

Zl IToi + 22 T43 + Z3 7r24 + Z4 7r32 = , 
Zl 1'43 + 22 7ro2 + 23 'ri4 + 24 TTia = , 

2i 7r24 + Z2 7ri4 + 23 TToa + 24 7ri2 = , 
Zi T32 + 22 7ri3 + Z3 7ri2 + Z4 7ro4 = , 



2a3 22 2i = , 



( TT.-fc = aiyk — akPi) ■ 



(52) y^e normal surface Ml^ is the complete intersection of the nine quadric 
spreads of (50) or (51). 

That it is the complete intersection will follow later from the fact that the 
projections are completely defined by the above equations. 

Since for ( m ) = we have a point on the fixed Si of I the coordinates 2 of 
this point are zero and from the simplified form of the first five quadrics (51) 
we see that the point (u) = of Mi^ is on the hessian Jio and the modular forms 
ao, • • • , Ui are the coordinates of the corresponding point of the steinerian of the 
quMrtic spread J4 = 2/o + 82/0 ( 2/i + • • • + yl) + 482/i 2/2 2/3 2/4 in the fixed S4 
of I . However we shall see later that this is only a partial statement of the 
hessian and steinerian relation. For a general point y , z on Ml^ the last four 
equations (51) hold and the 2's are not zero, so that the y's which are also the 
coordinates in S4 of a projected point pair of ilf J' must satisfy the equation 



(53) 



K = 



IToi •7r43 -^24 T32 

''r43 "■02 Tu TTu 

T'ii T14 iro3 TTu 

■T32 Tl3 7ri2 iro4 



= 0. 



Hence the doubly covered surface Nl Hes on this quartic cone K . In order 
to determine the point a and thereby to locate this cone we observe that 
for the 6 points of Ml^ on S3 the coordinates y are zero and therefore these 
points will lie on the five quadrics in S3 obtained by setting y = in (51). 
If these be multiplied respectively by ao , 2ai , • • • , 2a4 and added the result 
is zero so that the quadrics 

ao 2? — 2a2 23 24 — 2a3 22 24 — 2a4 23 22 = , 

ao zl + 2ai 23 24 + 2a3 24 Zi — 2a4 Zi 23 = , 

ao zl + 2ai Z4 22 — 2a2 2i 24 + 2a4 22 21 = , 



(54) 



ao zl + 2ai 22 23 + 2a2 23 21 — 2a3 Zi 22 



= 0, 
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meet in the six points, say the Pi , in which M^2 cuts Sz . For any one of these 
points z , equations (54) determine the ratios of the a's to be 

ao = 6zi 22 23 24 , 
ai = - 2i ( zl+zl + 4), 
(55) a2 = 22(2? + zl - zl), 

as = 23(2? - zl +zl), 

a4 = 24(2? +zi - z? ).* 

Now as the moduH vary the Pi of Mi^ on S3 runs over the S3 and equations 

(55) constitute the map of Pi's in S3 upon a certain spread in the fixed S4 . 
The mapping is effected by a linear system of » ■* quartic spreads on a Witting 
configuration, say a Wm , made up of the 40 points 

Zi = l, Zj = (i ^j; i,j = 1, ■■■ ,A); 

2i ^ U , 22 = 2s ^ 24; 

(56) 22 = 0,. 2I = -2! = 2?; 

23 = 0, 24 = 2i = — 22; 

24 = 0, 2i = 22 = — 23. 

Three of these quartic surfaces meet in 64 points, of which only 24 are variable, 
but these divide into 4Pi's so that a line in S4 meets the map of S3 under (55) 
in four points. Since this map must be invariant under the modular group 
it must be the spread Ji and it is easy to verify directly that J4 ( a ) vanishes 
for the values a given in (55). t 

Another interesting fact concerning the system of quartic surfaces on Wio 
arises by considering the jacobian of the four quadrics (54), which is a Weddle 

* Cf. Bill, p. 337; the formulas there given are wrong, since as they stand Jt {Y ) 4= 0. 
The Fo and Fi should be changed in sign. 

t The modular groups in y and z are fully discussed by Klein, Witting, and Burkhardt. 
It is clear that the O2.U contains 40 Gs's and that further coUineations exist which permute 
these Ga's. Thus 62-81 is an invariant subgroup of a coUineation G2.si-m. The elements of 
this group must leave the family of Af "'s invariant but must permute its members and there- 
fore must arise by adjoining transformations on nk. These additional coUineations could 
be determined readily by finding the coUineations on the 2's which permute the points of Ww , 
by finding from (55) the corresponding coUineations on the a's which are cogredient with the 
y's, and by adjusting the factors of proportionality so that the system (51) in j/, z, a is in- 
variant. The modular groups in y alone or 2 alone are obtained from 62-81. m by considering 
the subgroup which leaves-/ unaltered, a subgroup which is isomorphic with the factor group 
of G2.U under G2.s1.m- 
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quartic with nodes at the Pi common to the four. This jacobian is 

aoZi — as 24 — 0:423 — a4 22 — 0:224 — 0:223 — 0:322 

0324 — a4Z3 (X0Z2 ai24 — a4 2i aiZs + a3 2i 

— a^z^ -{- 0:422 ai24 + 0:421 ao23 "122 — 0:221 

(57) ao 23 — 0:3 22 0:1 23 — 0:3 2i 0:1 22 + 0i2 2i ao 24 
J = [a'o + 2 (af + • • • + ai) ] 621 22 23 24 

+ 6(o:oaf + 2q:2 0:3 ^4 ) [ - 21(2^ + zl + zl)] 
+ ••• + 6(0004 + 2ai 02 0:3) [24(2? +zl - zl). 
If then we write J4 in symbolic form 

(58) J,=.{ay)^= {byr= ■■■, 
we have the simple equation for J 

(59) J = {aaYiaa'), 

where a' can be expressed as a quartic in 2 by means of (55). 

(60) The fixed S3 of I is mapped in (55) upon the fixed S4 by quartic spreads 
on W40. The sets Pi cut out on S3 hy the 00 ^ Ml^'s map upon single points of 
the quartic spread J4 in S4 which has the peculiarity of being its own steinerian. 
If Pi maps upon a on J a the tangent S3 to J4 at a cuts J4 in the map of a Weddle 
quartic in S3 ivith nodes at Pi and in the linear system on Wm ■ Thus the linear 
system contains co^ Weddle surfaces one with a node at each point of S3. 

The following useful identity can be verified easily: 

(61) {aay-{ayy - 4{aay {ay)-{aa) (ayY 

+ d[{aay{ayYf = 48K; i.e., 

(62) The locus of lines in S4 which cut the quartic spread J 4 in four self-apolar 
points is the quartic complex K . 

We have already noted that the doubly covered Nl lies on the cone K for 
given a on J4 ■ If we multiply the first five quadrics (51) by 0:0 , 2ai , • • • , 204 
respectively and add, the 2's disappear and we have {aaY {ayY = . Hence 
Al lies on the polar quadric of a as to J4 . This meets K in an octavic 2-way. 
But from (61) if (aa)^ = 0, (aayiayY- = 0, and K = 0, then either 
(aa)^ (ay) =0 or (aa) (ay)^ = 0. The octavic 2-way breaks up into a 
quadric and Nl , which is the complete intersection of {aaY {ayY = and 
{aa) {ayY = Q . If ir is any plane on a, ir meets J 4 in a quartic curve on a 
and meets {aa){ayY = and {aaY {ayY = in the polar cubic and conic 
of a as to this curve. The polar curves meet in only four points outside a 
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and from (61) the lines from a to these four points are on K , whence Nl has a 
double point a and its cone of projection from a is X . 

The argument used above to show that (m) = furnishes a point of the 
hessian Jio whose steinerian point a is on J4 applies equally well to show that 
any one of the 10 points of M^2 on Si lies on Jio and that all have the same 
steinerian point a. Hence the polar cubic of a on J4 as to J4 has 10 nodes 
on Jio. But a cubic spread in S4 with 10 nodes is a Segre cubic* and its 
enveloping cone from a point on it is a Kummer cone, i. e., a cone whose 
section is a Kummer surface. But the enveloping cone of {aa) {ayY = 
from a is 

3[(aa)2(a2/)2]2 - 4:{aaf {ay)-{aa) {ayf = 0, 

which, since {aaY = 0, reduces to i^ =0. Hence we have shown that 

(63) // a is any point on J 4 the polar cubic of a as to J4 is a Segre cubic spread 
with ten nodes on Jio where Ml" cuts Si , whose enveloping cone from a is the 
Kummer cone K. The family of •x^ doubly covered Nfs in Si is obtained by 
taking the complete intersection of the polar cubic and the polar quadric of a as 
to Ji as a runs over J4 . The Nl determined by a has a node at a and its cone of 
projection from a is K . The family of x>^ doubly covered surfaces Wt in S3 
is the system 0/ co ' Weddle surfaces J which lie in the linear system on Wio . 

The last statement can be proved as follows : Let t/ , 2 be a general point on 
Ml" for which therefore not all the y's nor all the z's can vanish. This point 
satisfies the last four equations (51) and we should ordinarily expect to be 
able to solve them for the ratios of the y's in terms of a , 2 . The matrix of 
the system is 



(64) 



— ai 2i ao 2i as 24 — ai 23 ai 22 — a2 24 a2 23 — «$ 22 

— a2 22 — 0:3 24 — 0:4 23 ao 22 «! 24 + ai 2i ai 23 — a^ 2i 

— a3 23 — 0:2 24 — 0:4 22 ai 24 — ai 21 ao 23 ai 22 + 0:2 21 

— a4 24 — a2 23 — a3 22 ai 23 + a3 21 ai 22 — a2 2i ao 24 



But the same system arranged in terms of 2 has the determinant K in (8) 
and it is satisfied hy y = a whatever be 2. Since, for the general point y , z 
of M^i , 2/ =1= a we must have as the solution of (64) yi = aif{z) where / ( 2 ) 
vanishes for the general point of M^" ' i- 6-> ^or the general point of W\ as well. 
By comparing the determinant value of j/o in (64) with J in (57) we see that 

(65) yi = aig , 

whence / ( 2 ) is J . 

Let us now seek a parametric equation for the manifold M)^ which is deter- 
mined by a point a on J4 . Let P {y , z) be the general point on M\" , P (y) 

* Cf. Bertini, Introduzione alia geometria projettiva degli iperspazi, pp. 176-87. 
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its projection on Si , and P (z) its projection on S3. It y is an arbitrary point 
on the cone K determined by a , the line ay meets the quadric (aaYiayY = 
in a single point other than a , which is the required point P (y) on Nl. If 
y = y +'Kavfe have on substituting in {aaY {ayY = and using {aaY = 
that {aaY {ayY -\- 2\{aaY {ay) = , whence 

(66) yi = 2yi{aaf{ay) - ai-{aaY{ayf. 

The zi , • • • , 34 were determined from 4 linear equations with the symmetric 
determinant K . If then we denote this determinant bordered with variables 
w hy K {w) 

(67) K{w)k=o = hikWiWk = {zwY. 

Hence we have for any point y on K a, unique point z whose coordinates are 
determined to within sign by K (w) = {zwY , or for which the products 
Zi Zk are uniquely determined as minor determinants of K . For the required 
point P {z) we must have Zi = nzi and we have to determine this two- valued 
function ju. Either 2 or z will with y satisfy the last four equations (51) and 
we merely have to determine ju so that the first five are (or any one of them 
is) satisfied. Let us take then the first equation and set y, equal to its value 
in (66) and Zj equal to jjlZi where Zi Zk is obtained from (67). If we note that 
in (61) when (aa)* = and Z = then 

[{aa)Hayyf = 4/3{aaY{ay).-{aa){ayy 

we find that ao §1 + 2 X) «i vl becomes 
4 

4:{aaY{ay){{aoyl + 2 ^ aiy!)-{aay {ay) 

i 

- {alyo + 2j:a\y^)-{aa)Hay)' + ^{al + 2j:a\)-{aa){ay)'}. 
4 4 

On the other hand we find that ^ — 2ai z\ becomes 

4 

2m^! ZL "1 [""02 ""03 7ro4 — Z-l ""02 1"12 + 27ri2 TTls 7ri4]S 
4 3 

= 2ju^ { - 4ai 0:2 as a4 yl + 3ao yl ^ a^ as ai z/i - 2al yo 2 «i «2 ys 2/4 

4 6 

+ 21/0 2 «i «2 yl - 42/0 X) «i «i 2/1 2/2 + a» X) «i 2/2 2/3 2/4 

12 6 4 

— ao X) «i 2/2 -I- "0 S «i "2 2/1 2/2 — 2ai a2 «s a4 X 2/i 
12 12 4 

+ 2 X) «i «3 "4 ^1 ^2 - 2 X} af a2 2/i 2/3 2/4 + 2 X) «i 2/2 2/3 2/4!- 
12 12 4 

If we substitute the values of the polars in the first brace above the coefficient 
oi 4{aa)^ {ay) turns out to be four times the coefficient of 2ix'^ whence 

8{aa)Hay)+tx' = 0. 

(68) // a is any point of J^ and if y is any point of the Kummer cone K {or 



362 ARTHUR B. COBLE [July 

any point of the Kummer surface obtained from an S3 section of K) the para- 
metric equation of the normal hyperelliptic surface M^^ in Sg in terms of the 
parameter y is furnished by the equations 

{vy) = 2ivy)-{aay{ay) - {va) ■ {aaf {ayf , 



(wz) = V- S{aay{ay)-K{ic). 

The moduli ao : "i : • • • : "4 satisfy the single relation {aaY = 0; the param- 
eters yo : ■ ■ ■ : 2/4 satisfy the single relation K = 0. This parametric equa- 
tion of Ml^ is invariant in form when the cogredient variables a, y , y and the 
contragredient variables v are subjected to the operations of the Burkhardt (325920 
if at the same time the contragredient variables z, w are subjected to the corre- 
sponding operations of the isomorphic Maschke Gumo ■ 

. It is to be noted that the above parametric equations are independent of 
factors of proportionahty in the a's and the y's but are not independent of 
such a factor in the coefficients a of J^ which is supposed to be taken with 
the definite numerical coefficients used throughout. [See Footnote, p. 363.] 

The foregoing discussion has developed a number of kleinian forms, i. e., 
forms in the variables from S3 and S4 which are unaltered when these variables 
are transformed under the operations of the isomorphic modular groups. 
We shall denote such a form hy k{i;j: k; I) if i and j are the order and class 
in S4 , fc and I the order and class in S3 . If the form contains more than one 
series of cogredient variables this will be indicated by giving in the proper 
space the orders in the various series. A first kleinian form can be obtained 
from the identical covariant (vy) in S4 if y is replaced by the cogredient ex- 
pressions (55) in 2 . It is 

(69) fci(0;l:4;0) = «o-62i22 23 S4 + ••• + v^z^izl + zl - zl)]. 

The equation ki = determines for given z the corresponding point a on J4; 
for given v it determines a quartic of the system on W^ which if v touches J4 
is the Weddle J . If we operate with ki on J4 we get the form ^2 in (57), 

(70) A;2(3;0:4;0) = J. 
The Kiw) of (67) is another kleinian form 

(71) A;3(3'',^3;0:0;2) =K{w) = - w? { ( «u + 2a? ) 2/2 2/3 2/4 

- (2/0 + 2yl)a2 a3 at - (alyo + 2a? 2/1) 13 «2 2/3 2/4 

3 

+ (ao 2/5 + 2ai 2/0 Z) 2/2 "3 a4 + 2/o «i 2 «2 2/2 - «o 2/i Z) «2 2/2 
3 33 

+ 2ao ai 2/1 Z) a2 2/1 - 2ai 2/0 2/i Z) «! 2/2 + 2/o 2/? 2 «i 
3 33 

- ao«?X)2/2l+ ••• ' 
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/\ . . . . . . /N 

where 3 , 3 indicates that hi is of degree 3 in the line coordinates a^ . For 
a on Ji and y on K , ki = is the equation of the node of the Weddle at the 
point 2 which corresponds to y. For a on Ji and given w , kz = is the 
equation of a cubic cone which touches K along a sextic 2-way cone which 
corresponds to the plane section of the Weddle. 

If we operate {y onv) with k^ upon the invariant Jo, 4 in Si we get 

(72) A;4(3;l:0;2) = wUl8 [aoaj + 2a2 as ai}vo 

-S{al + 2^al\vi] + •••. 

4 

If again we operate {a on v) on Jo, 4 we get 

(73) A;5(0;l, 1:0; 2) = 21Qwl{vov[ - viv',} + •••. 

By reason of the self dual character of a collineation group we should expect 

to find a form fce ( 1 . 1 ; : 2 ; ) dual to k^ and the explicit equation of k^ can 
be found as follows. Multiply the first five quadrics (51) respectively by 
2/0, 22/1, • • • , 22/4 and add. Then 

(74) (aa) {ayf + 2{X) -"'012:1 + 2{TniZsZi + ^132422 + ttu 22 23 

4 

+ ir32 2l 24 + ir24 2l 23 + 7r43 2l 22 ) j = . 

Since y is a, point on N^, {aa) {ayY = and we take k^ to be 

(75) h{l, 1;0:2;0) = E 'Toi 2? + 27ri2 23 24 + ••• +2x432122. 

4 

If a is on J4 and y on Nl (or on K since y occurs only in the combinations -Kik ) , 
fcg = is a quadric on the 6 nodes of J since it was formed from quadrics (54). 
Also it is a quadric with a node since its discriminant is K . The coordinates 
z of the node are obtained from K{w) and according to (68) z is the point 
of W2 which corresponds to y on N^. Hence 

(76) If Ml^ is determined by a on J4 and if y and 2 are corresponding points 
on the doubly covered projections N^ and W\ then, for given y , k^ = is the 
quadric with node at 2 and on the six nodes of W\ . 

On account of the 2 to 1 isomorphism between the Maschke and the Burk- 
hardt group we cannot expect to find kleinian forms in y and z alone which 
are linear in 2 . But such forms which are quadratic in 2 can be found. If for 
example we operate {v on y) with ^4 upon J4 we get aA;7(6;0:0;2) and the 
point equation of this quadric in w would be a form of the sort required. 
If two such forms, quadratic in 2 with coefficients containing y , are derived 

Footnote. Parametric equations for the normal elliptic curves of orders 3 , 4 , 5 to (68) are 
found in Dr. B. I. Miller's dissertation; these Transactions, vol. 17 (1916), p. 259. 
The coordinates of a point of the curve are expressed in covariant form in terms of rational 
functions of the parameter of a point on a line and the radical of such a function. In the 
above equations the point on a line is replaced by the point on a Kummer surface. 
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their pencil will contain at least one and in general four quadric cones. One 
of these cones can be isolated by the solution of an accessory quartic equation 
and its node will be a " covariant point," i. e., a point z whose coordinates 
are functions of y and which undergoes the collineations of the Maschke 
group when the y's are subjected to the operations of the Burkhardt group. 
By the use of such a point the form problem of the Burkhardt group can be 
solved in terms of a solution of the form problem of the Maschke group.* 

We shall however attack the Burkhardt form problem directly and in the 
next paragraph indicate how it can be solved in the special case when J4 = . 
In § 7 this restriction will be removed by using an accessory quartic equation. 

6. Solution of the special Burkhardt form problem 

The form problem of the Burkhardt group when J4 = (referred to as 
the " special " Burkhardt form problem) reads as follows: Given the values 
of the absolute invariants X = Ju/Jl, M = Jis/Je, v = Jlo/Jl to find the 
ratios of the coordinates ao, • • • , a4 of a point on J4 = for which these 
invariants take the assigned values. The problem has 25920 solutions since 
the spreads J12 - XJl, • • • , Jfo - vJl = meet J4 = in 4- 12- 18-30 
= 25920 points. 

We shall develop the solution of this problem under the following heads. 

1°. A point a on J4 = determines a binary sextic (projective to the 
sextic similarly determined at any one of the set of points conjugate to a 
on Ji ) which is the fundamental sextic of the hyperelliptic functions. 

2°. The absolute invariants of this sextic are precisely the given X, jU) »'• 
These will be identified with a known system. 

3°. The equation of this sextic will be expressed in terms of these invariants 
by means of an accessory square root. 

4°. With this explicitly given sextic, the hyperelliptic algebraic relation 
of genus two is determined. Assuming that the transcendental operations 
involved in the determination of the periods of a pair of integrals of the first 
kind have been effected, the coordinates ao, • ■ ■ , a4 are expressed by means 
of certain known series. 

1°. From the equation (51) of the Kummer cone K determined at a point 
a of Ji we see that the S3 , ( oa )' ( oj/ ) = , and the quadric, {aa)^{ayy = , 
meet in a trope of K . The six double lines of K on this trope are on 

{aa){ayy = 0. 

Hence the cubic, quadratic, and linear polars of a as to J4 meet in six lines of 
a quadric cone in S3 , the meet of {aa)^{ay) = and {aaYiayY = which 

* As to the difficulty of the reduction here indicated cf. Bill, p. 339*. The use of kleinian 
forms to determine covariant points is illustrated in the article: Coble, Reduction of the sextic 
equation to the Valentiner form problem, Mat h_e matische Annalen, vol. 70 (1911), 
p. 337. 
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touch at a . The binary sextic 

S = So 58 + 65i ^ + 1552 S* + • ■ ■ + S6 

determined by these six lines on the cone is the fundamental sextic associated 
with K and therefore with the hyperelliptic theta functions used here. 

2°. We have seen that the polar cubic spread C = (aa) {ayY = , is on 
a of J 4 and has ten nodes on Jio. Through a there will be six lines which 
lie entirely on C , the six lines of 1°. The lines through a which touch C 
again are the lines of K . This spread C can be mapped from an S3 by means 
of quadrics Qa, • • • , q/ on five points pi , • • • , ps of S3 where 

(77) C^ql+ ■■■ +q',, qa+ ■■■ +qf^O. 

If a sixth point p maps on the point a = qa, • • • , q/ oi C then the section 
of C by the polar quadric qlqa + • • • + qjq/ = is the map of a Weddle 
quartic in S3 with nodes at pi , • • • , Pi, p. The section of C by the polar 
space qaql + •••+ q/q) = is the map of a quadric cone in S3 with node 
at p and on pi, • • ■ , ps. A convenient analytic representation for this is 
found in CI, § 1. The quadric cone meets the Weddle in the 5 lines from 
p to pi, ■ • • , Pf> and in the cubic curve on the six points. These six curves 
through p map into the six lines of 1° on a in S4 and the directions on the 
quadric cone at p , which are the same as those on the Weddle at p , map into 
directions on {aaY{ayY = {aaY (ay) =0 about a . Hence the sextic S 
in Si is projective to the sextic in S3 determined on the quadric cone with 
node at p by the six curves mentioned and therefore to the sextic determined 
on the cubic curve by the points pi, ■ • ■ , p^, p (or to the sextic yo, • • • , j/4 , 
00 of CI, § 1). The invariants of this sextic have been determined as sym- 
metric functions of the q's (CI, (7), (10)). Thus the problem before us is: 
Given a spread C which can be linearly transformed into the special form 
(77), and a point a on it which is transformed into qa, ••• ,qf, (a) to deter- 
mine those covariants of C which are transformed into the elementary sym- 
metric functions 52 , • • • , ^e of the q's, and (b) to find their values for the 
particular point a = qa, • ■ ■ ,q/- 

2° (a). We have first of all C = Sqz. We shall denote the discriminant of 
the polar quadric oi C hy H and the dual equation of this quadric in variables 
Ta, • ■ • , r/hy B . If then we take account of the supernumerary coordinates 



B = 
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Thus 

and 

B = J^ qagbQcgdire — Tf y . 

15 

If we operate with B on H we get 

lB,H]=2j:ql ql qU<i = 2{qsq,- Sq^ q,) . 

60 

If now we allow for a factor a in the coefficients of C we have 

C = Saqz , H = — <T^ qi, 

[B,H] =2<T«(g3 94-3g2(/5) = 2{a^ q,C/S + M -a' q^) . 

From the latter syzygy we can determine (t* qt and cr^ 52 • 
If we operate with B^ on H we get — 72g6 qt, whence from 

[B^ H]= - 72(T^^q,qs = - 24(T^^q,-C 

we can determine a^^ q^ . 

The term q^ derived from H alone does not acquire the proper power of ff 
so it must be modified. The cubic spread in 184 has an invariant A of degree 
10 in the coefficients which can be obtained by forming according to the 
Clebsch principle from the invariant t's of the cubic surface in S3 a contra- 
variant of C in S4 of degree 8 and class 6 and by operating with this contra- 
variant on C^ . For the above spread the invariant A takes a purely numerical 
value which we shall denote by a . Instead of using H alone we shall use 

-7= ^AH = -(Ti«g6. 

2° (b). We now identify the cubic spread C with the polar spread C of a 

on J4, i. e., 

C = ao[yl + 2j2y'] + QT,oci{yoy! + 2y2y3yi) 
4 4 

= <T(5a+ ■■■ +q}) ^C. 

We calculate the covariants H and B and the invariant ^ of C and equate 
them to the corresponding forms of C taking account of the determinant 5 of 
the transformation, and we identify similarly the results of corresponding 
operations. We shall want however not the covariants themselves but rather 
the values which they take at the point y = a so that this substitution can be 
made after the operations have been completed. Since also we have merely 
to identify certain numerical coefficients we shall use the special case when 
as = ai = and set 

ao = ^0, ai = h, a2 = ti. 
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Then Burkhardt's invariants become 

Ji{a) = ao[<o+8(<i + <2)], 
J(,{a) =tl- 20io(<i + <2) - S{t\ +<i) + 80<i<2, 
Jw{ol) = aohtil — to -^ {h -\- t-i)] , 

Juia) = hhlbtl -U{h + k) -4(<? + <i) + 16<i<2], 
Ji8(«) = t\t\{-tl + 2U{h + h) - {t\ + tl) -\-2hU]. 
By a straightforward calculation we find that 
B = 16-4{4<i U al Wo — 4<i <2 ao wo («i wi + a.^ u^) -\- h{to — h) a\ u\ 

-\- h [U — ti) al u\ -\- 2ti ti ai a^ Mi xi^ + 2ao «i cil{U — h — U) ih Ut], 
H = 16 { — ao ai a2 J/o ( «i 2/2 + 0:2 2/1 )^ — yl «o ( "i J/2 + «2 2/1 )' + 2/o [ 2<2 «f 2/4 
+ (4<i - <o) al 2/? 2/2 + 2ai a2 ( - <o + <i + ^2) 2/? 2/i + «? (4^2 - <o) 2/i 2/1 
+ 2a| <i z/2 ] + 2ao «? ai j/t j/2 + 2ao a2 ( <2 + 2<i ) y\ yl 
+ 2ao ai ( <i + 2<2 ) 2/i 2/2 + 2ao a? ai 2/1 2/I + 2/3 2/4 [ 2/o <o "i "2 
+ 2/oao(<o + 2<i + 2*2) (ai2/2 + "22/1) + 2/o«o(<o + 2<i + 2<2)2/i2/2 

- 4y? <i ai a2 - 2y\ y^ a\{U + 2h - 4<2) - 2yi y\ al{U - 4h + 2h) 

— 4j/i U. "1 02] + terms in y\ and y\\. 

We now find at once that Hy^^ = 16^ t7io(a), and C^=„ = Ji{a). If we 
operate with B on H and set y = a we have 

[£,f ]^. = m'>aohh{2tl -etUh + h) + 6toitl + tl) + moht2 

- 2{tl +tl) - d0tih{ti + t2)\ 

= 162-4{J4(a)-Ji2(a) - 3J6(a)- Jio(a)i. 

If we operate with B on H and set y = a we get 

lB\H]y=„ = m*-8-3aot\tl{tl + &tl{h + t2) - 15U{tl+tl) 

- SAtohti + 8{fi+tl) - Shtiih + ti)] 

= - 16*-24J4(a)-Ji8(«). 

The invariant ^ of C must be a numerical multiple of J 10 ( a ) . For its van- 
ishing implies that the polar cubic can not be thrown into the form (77) and 
this is true only when the hyperelliptic spreads degenerate due to the vanish- 
ing of the discriminant of the underlying sextic S. But this discriminant is 
represented on J4 ( a ) by Jio ( a ) . * We shall assume that 

— = XJio(a) 
and leave the so defined numerical constant X undetermined. 



* Cf. Bill, p. 337 (3) and p. 331 (2). 
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We now have after setting <r = 1 in the earlier formulae the following rela- 
tions 

C^„ = Ji{a) = 3g3, 

3^ 



H^, = VXJio(a)-16Vio(a) = - h"- q,, 

H^. = 16Vio(a) = -S'q,, 
[B,H]y=^ = 16^-4{J4(a)-Ji2(a)-3J6(a)-Jio(a)} = 2b' {qz q, - Zq^ q,) 
[F,IL=. = - 16*-24J4(a)-Ji8(a) = - 24:-Zb^ q^q,. 
Hence 

bUi = -2J6, 

(78) 5^94 = 16-6Ji2, 

6«g6 = 16*Ji8, 

5*^6 = - le^A/xj?;;. 

From the two values of q^ above we have 8 = (XJio (a) )^/^. If we account 
for it by introducing a factor 1/5 in the roots of the fundamental sextic S 
we have finally 

(79) The resolvent sextic S (Cl, p. 317 (9)) of the fundamental sextic S is 



Q« - 2J, Q* + 162-6Ji2 Q2 + leWXJfo Q + 16* Jis = 0; 

and the invariants A , B , C , A {notation of Cl, p. 317 (7)) of S are given by the 
equations 

-6Je = 5A, 162-4-3''Ji2 = 5(6^2 _ 525)^ 

16*-2-3*Ji8 = 5(- 6^3 + 3-5M-5 + 2-5^C), 

16*-3^XJ?o = A = ILisi-SkY.* 

3°. In order to exhibit an explicit sextic S we can make use of a typical 
representation of iS.f The sextic has three quadratic co variants connected 
by an identical relation, X2 = , of the second order whose coefficients are 
rational in .4 , B , C , A . The sextic S is then expressed as a form S = K3 = 

* I had first attempted to calculate these invariants by the following method. In Bill, 
p. 331, the sextic S is taken with one root at » and the sum of the others zero. Then the 
coefficients ^2 , ■ ■■ , 9i are given in terms of [ i? ],•••,[ t^ ] which on p. 331 (2) are expressed 
by means of (/12 ),•••, (/40 ) . Then in § 73, p. 336, the J^ (a) and Jn (a) for Jt (a) =0 
are calculated in terms of the (/12), •••, (/m). As expected Jt{a) furnished the self 
apolarity invariant of the sextic S but neither Burkhardt's value [(14), p. 339] of /12 ( « ) 
nor the different one which I obtained would furnish a second invariant of the sextic. This 
discrepancy and the one noted above may be due to a single error in the expression for Jn. 
An advantage of the method carried through here is that the invariants are identified at once 
with a known complete system. 

t Gordan, Invariantentheorie, p. 302. 
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of order three in I, m, n with similar coefficients. Thus the sextic appears 
as the six points cut out on the conic i!L2 = by the cubic Kz = 0. In order 
to introduce a parameter on K2 an accessory square root is required. This 
may be for example the square root of the discriminant of the quadratic in 
m , n obtained by setting Z = in i!L2 . When a point on the conic K2 is ob- 
tained in terms of a parameter s then the cubic Kz = determines the sextic S . 
Thus we have 
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then we can solve the system of equations 

2RH = s, 

( - 023 + r)f2 + 022/3 = O22 s^, 

{— ttis — r)f2 + 022/3 = 1 , 

f or Z , m , n as quadratics in s , and thereby obtain from Ks the sextic S . The 
necessary formulas for explicit expressions in A , B , C ,A are given by Gordan, 
pp. 288-90. 

4°. From the algebraic relation t = VS we assume that the periods Wi, 1, 
Wi, 2 ('i = 1 , • • • , 4) of a pair of integrals of the- first kind have been calcu- 
lated.* From the known series for X„gt these quantities are calculated for 
(u) =0. Then formulae (48) furnish the coordinates of a point y on Jio 
whose polar quadric as to J4 has a double point at the required point a on J4 . 

7. Solution of the general Burkhardt form problem 

We shall state the Burkhardt form problem as follows 4 Given the numer- 
ical values of Ji, J^, Jio , J12 , Ju to find the ratios of the coordinates y for 
which these forms take the given values. If the ratios are found the actual 
coordinates can be obtained to within sign by using the numerical value of 
Js/Ji to determine the square of the factor of proportionality. The solution 
required can be given in terms of the solution of the special problem con- 
sidered in § 6 by conventional methods. § We shall employ the phrase " de- 

* Various methods for this are reviewed in BI, § 45, p. 277. That of WUtheiss, M a t h e - 
matische Annalen, vol. 31, p. 141, would be more in line with the above account 
since it implies no separation of the roots of S . 

t BIT, p. 171 (17). 

t Cf. BII, §§ 51-2, p. 214. 

§ Cf. Klein, Ikosaeder, II, 5, § 2, p. 241. 
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terminate polynomial J, " to indicate a polynomial in J4 , Je , • • • , Jis with 
numerical coefficients and of degree i in y. These numerical coefficients 
can be calculated once for all (which we assume has been done in the cases 
below) and the polynomial takes a numerical value when the form problem is 
given. 

Let y be one of the required points. It can be given by the equation 
Ju 1 = . Then XJi, 1 + «^7, 1 = is for variable X a line " covariant '' 
with y , i. e., the relation between y and the line is unaltered under the trans- 
formations of G26920 because of the invariance of Ji, 1 and J7, 1. This line 
meets J4 in four points whose parameters X are the roots of the equation 

(80) J, X* + j;„ x' + j[, x^ + j; X + j;3 = . 

In this equation J'f is a determinate polynomial. A root X of (80) is an irra- 
tional invarialit of G26920 of degree 6. If one such root — an accessory irra- 
tionality — has been adjoined, the point Ji, 1 X + J?, 1 = is a point covari- 
ant with y and on J 4 . 

We shall denote by Je , Jio , J12 , Jis the values which Je , • • • , Jis take for 
this covariant point. Then 

/p = jpX^ + j;+6X''-i + • • • + j;+6A'^'' + ■■• +J'7p, 

where Jp+e* is a determinate polynomial. Since by means of (80) JT^V 
can be expressed linearly in terms of X^ , X^ , X , 1 with determinate polynomial 
coefficients we can set 

(81) JrVp = Jp„X^ + Jp,X2 + Jp,X + Jp3 (p= 6, 10, 12, 18), 

where Jpj is a determinate polynomial, for which pi = lip + 6i — 30. 

We shall denote by Ji, 1, J7, 1, J9, 1, J\3, \, Ju, 1 the values which Ji, 1, 
• • ■ , Jn, 1 take when for y there is substituted the covariant point 

XJi, 1 + J7, 1 = 
on J 4 . Then 

J.. 1 = /., iX' + j;+6, iX"-! + • • • + j;+6;fc, 1 x''-* + • • • + j;.,i, 

where J'a+6k, 1 can be expressed linearly in terms of Ji, 1, • • • , J15, 1 with 
determinate polynomial coefficients. Again multiplying by Jl~^ to reduce 
the exponents of X to 3 or less we can set 

Jr' /.,, = [ J.„, , x^ + J.,_ , V + J„,_ J X + J,,,_ J J,, 1 



+ [ ■^"0, 15 ^^ + •^■^1, IS ^^ + '^"2, 15 ^ + ■^"Z. 15 1 *^»5, 1 , 



(<r = 1,7,9, 13, 15), 
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where J^^. is a determinate polynomial and an = llo- + 6i — j — 30. All 
the determinate polynomials that occur above are of even degree so that J45 
can not appear. Of course if any of the degrees indicated are negative the 
corresponding terms do not appear. 

To solve the given problem we first find from the numerical values of 
Ji, •••, /i8-the numerical values of the determinate polynomials in (80), 
(81), (82). Equation (80) is then solved and a value of the accessory irra- 
tionality X obtained. With this value of X and the given value of J4 we find 
from (81) the values of Jp. These are the known quantities in the special 
Burkhardt form problem and we find as in § 6 the covariant point a on J4 
such that (va) = XJi, 1 + J7, 1. The coordinates of a can be determined 
to within sign by the numerical value of Ju/Jio- With these coordinates a 
the linear forms J„, 1 of (82) can be determined to within sign. Since now 
the left members of (82) are completely known to within a change of sign 
throughout and the coefficients of J,,, 1 in the right members also are known 
we can solve the five linear equations for Ji, 1 and therefore determine to 
within sign the coefficients yo, • • • , 2/4 of i)o , • ■ • , V4. 

With this the above sketch of the processes involved in the determination 
of the lines on a cubic surface is complete. In addition to adjoining the 
square root of the discriminant of the surface we have introduced an accessory 
square root in § 6 and an accessory quartic irrationahty in this paragraph. 
These are to be compared with the two accessory square roots required by 
the method of Klein which is based on the form problem of the z's. The 
essential difference between the problem of the y's and the problem of the z's 
is that the latter implies an isolation of a root of the fundamental sextic* 
while the former does not. Much depends also on the way in which the 
transcendental operations are carried out. If for example we set the problem : 
Given the numerical values of Je , • • • , Jis when J4 = to find the ratios 
of the coordinates of the 10-25920 points on J 10 which are the nodes of the 
polar cubics of the 25920 points on J4; then the algebraic adjunction of a 
solution of the special form problem would merely reduce the problem to the 
solution of an equation of degree 10 with a sextic resolvent. But if we proceed 
to effect the solution of the special form problem as in § 6 by the adjunction of 
an accessory square root then after the periods of a pair of integrals have been 
obtained the required points are found by substituting the 10 even half periods 
(including the zero half period in the transcendental expressions for the y's). 
We may note also that the closing remarks in § 5 indicate that a quartic 
irrationality may be unavoidable in effecting the solution of the problem of 
the y's in terms of the problem of the z's. 
* Cf. Bin, §§ 66, 68, p. 327. 
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8. Comparison with the quintic equation 

Many of the ideas in this series of articles had their origin in an earlier 
paper entitled " An application of the form problems associated with certain 
Cremona groups to the solution of equations of higher degree."* This paper 
contained a detailed application to the quintic and it may be of interest to 
trace the striking analogy between the problem of the quintic" as there set 
forth and the problem of the determination of the lines on a cubic surface 
as presented in this article. 

The quintic with ordered roots determined an ordered Pi , four of whose 
points were taken at a base in S2 , and the coordinates x , y , u\ oi the remain- 
ing point determined in turn the ordered quintic. The permutations of the 
roots of the quintic led to the operations of a Cremona Gn in x , y , u whose 
invariants were the invariants of the quintic itself. This corresponds to the 
content of our present § 1 except that here the cubic surface determines 72 
ordered Pi's and the Cremona group is the extended group Ge, 2 of order 
72-6! rather than Gei- The transition from the quintic equation to the 
solution of the form problem of G51 was accomplished by a typical representa- 
tion analogous to the process used in § 2. The simplest linear system of 
irrational invariants of the quintic of dimension 5 divided under the operations 
of the invariant even subgroup G^i\ into two skew linear systems of dimension 2 
which experienced under G^Bl the linear transformations of Klein's contra- 
gredient groups of the ^'s and of the ^"s. Precisely similar facts concerning 
Te, 2 appear in (36) and (40) of § 3. The solution of the form problem of 
Gjs! was accomplished by the use of invariants linear in the ^"s — the same 
device as is employed in § 4. Here the analogy ends since the solution of 
the problem of the ^'s given in the earlier paper was effected by a special 
method. 

If however we take into account the results of Miss Miller (loc. cit., pp. 
278-83) which furnish the analog of § 5, there would seem to be little doubt 
that a binary quartic could be attached to each point of the conic invariant 
under the group of the ^'s — a quartic projective to that which determines the 
elliptic quintic in 84. Then developments (in which J4 is replaced by the 
invariant conic) precisely parallel to those of §§ 6, 7 could be made and the 
analogy between the two given problems would persist throughout. 

Baltimore, 

July 28, 1916 



* Coble, these Transactions, vol. 9 (1908), p. 396. 

t As a matter of fact the use of a superfluous coordinate was more advantageous in that 
certain results of Clebsch could be utilized. 



